COMPLETELY 1-COMPLEMENTED SUBSPACES OF SCHATTEN 

SPACES 



CHRISTIAN LE MERDY, ERIC RICARD AND JEAN ROYDOR 

Abstract. We consider the Schatten spaces in the framework of operator space theory 
and for any l<p^2<oo, we characterize the completely 1-complemented subspaces of 
S^. They turn out to be the direct sums of spaces of the form S^{H, K), where H, K are 
Hilbert spaces. This result is related to some previous work of Arazy-Friedman giving a 
description of all 1-complemented subspaces of in terms of the Cartan factors of types 
1-4. We use operator space structures on these Cartan factors regarded as subspaces of 
appropriate noncommutative L^-spaces. Also we show that for any n>2, there is a triple 
isomorphism on some Cartan factor of type 4 and of dimension 2?! which is not completely 
isometric, and we investigate L^-versions of such isomorphisms. 
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1. Introduction 

Let 7Y, /C be Hilbert spaces. For any p > 1, let Sp(H,)C) be the Schatten space of all 

operators x: 7i ^ )C such that ||a;||p = (tr{\x\P))'' is finite. Let X C 5'^(H,/C) be a 
(closed) subspace. We say that X is 1-complemented in S^iH, fC) if it is the range of a 
contractive projection P : Sp(H,}C) S^(H,IC). In their remarkable memoirs [2], [3], Arazy 
and Friedman gave a complete classification of all such subspaces (for p 7^ 2), in terms of 
Cartan factors of types 1-4. 

In this paper we consider Schatten spaces and their complemented subspaces in the frame- 
work of operator spaces and completely bounded maps. Following Pisier's work [17J, we 
regard S^ili,, /C) as an operator space and we give a complete description of the completely 
1-complemented subspaces of S^(TC,]C), that is, spaces X C S^(TC,]C) which are the range 
of a completely contractive projection of S^(H, /C). 

The statement of our main result. Theorem II. II below, requires some tensor product defi- 
nitions and some notation. For any Hilbert spaces H, H', K, K', we will consider the natural 
embedding 

2 

where ® denotes the Hilbertian tensor product. Thus for any subspace Z C S^{H\ K') and 
any a G S^{H, K), we will regard 

Z ® a : = {z ^ a : z E Z} 
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2 2 

as a subspace of Sp{H' ®H,K'®K). 

If I, J are two index sets, we set S^ j = S^^i'j, i'j) and we write = Sj j. With this 

notation, (g) Sp{H, K) C ^K^)), where fj^H) = i^j ® H is the 2-direct sum of 

J copies of H. 

Next we recall that if {Ha)a and (-ft'Q,)^ are two families of Hilbert spaces, then we have a 
natural isometric embedding 

a a a 

P 2 

where Q) S^^Ha, Ka) denotes the p-direct sum of the S'''{Ha, Ka)^s and Q) Ha denotes the 

a a 

P 

2-direct sum of the HaS. This is obtained by identifying any {xa)a in ® S^iHa, Ka) with 

a 

2 2 

the 'diagonal' operator (B Ha (B Ka taking any {^a)a to {xai^a))a- 

a a 

Theorem 1.1. Let 7i, /C be Hilbert spaces, let 1 < p ^ 2 < oo and let X C S^{T-C,IC) be a 
subspace. The following are equivalent. 

(i) X is completely 1- complemented in S^{7i,lC). 

(ii) X is [2]-l-complemented in S^{T-C,)C). 

(iii) There exist, for some set A, two families of indices {Ia)a£A o,nd {Ja)aeA, o family 
{Ha)a£A of Hilbert spaces, as well as operators aa G S^^Ha), and two linear isometrics 

U: © e] (Ha) — >H and V : © (Ha) — > /C 

aeA " aeA " 

such that 

a 

(iv) There exist, for some set A, two families of indices {Ia)aeA o-nd {Ja)ai^A such that X 

p 

is completely isometric to the p-direct sum © S^i^ j^. 

See Definition 12.11 below for the meaning of (ii). In the above statement, the main im- 
plication is (i) =^ (iii). The starting point of its proof is the Arazy- Friedman work [21 [3] 
giving a list of all 1-complemented subspaces of S^iTC, JC). In Section 2, we give some back- 
ground on this classification and some preliminary results, as well as a brief account on the 
matricial structure of Schatten spaces and completely bounded maps on their subspaces. 
The strategy to prove (ii) =^ (iii) consists in taking any 1-complemented X C S^{7i, /C) 
from the Arazy-Friedman list, to exhibit a canonical contractive projection onto X, and to 
determine whether that projection is completely contractive (or [2]-l-contractive). This is 
mostly achieved in Sections 3-5. Theorem 11.11 is eventually proved in Section 6. 

Let n > 1 be an integer, let be the Clifford algebra generated by a collection 
{uji, . . . , uj2n) of Fermions, and let F„ C be the linear span of {1, tui, . . . , uj2n, oji - ■ ■ uj2n\- 
Then let r : F„ — >■ F„ be the linear mapping such that t{(jJi ■ ■ ■ uj2n) = — t^i ■ ■ ■ ^^2n and r is the 
identity on the linear span of {1, c^i, . . . , uj2n}- The space F„ is a Cartan factor of type 4 and r 
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is a triple isomorphism. This 'transpose map' plays a key role in the study of 1-complemented 
subspaces of S^{H,1C) (see Section 5). In Section 7, we investigate further properties of r 
in the framework of operator space theory. First we show that \\T\\ch = (n + l)/n. Then 
let C L'P{C2n) be the space Fn regarded an a subspace of the noncommutative L^-space 
associated to C2n- We determine when r: — > is completely contractive (it depends on 
n and p), and we give applications and complements. 

We refer the reader to [HI [12], [13] for some work on contractive and completely contractive 
projections on some Cartan factors, which is somehow related to the present paper. We 
also mention the Ng-Ozawa paper [14j for a description of the completely 1-complemented 
subspaces of noncommutative L^-spaces. 



2. Background on complete boundedness and 1-complemented subspaces 

We start with some preliminary facts concerning completely bounded maps on Schatten 
spaces and their subspaces. Let 1 < p < cxd, let 7i, 7i', /C, /C' be Hilbert spaces and consider 
subspaces X C S^iH, JC) and Y C S'^iH', /C'). For any index set /, we let 

denote the completion of S'f ® X induced by the embedding of Sj ® S^iTC, K.) into the space 

Note that for any integer n > 1, X coincides with the space of all n x n matrices 
with entries in X. Let u: X —^Y he a. bounded linear map. We set 

(2.1) ll^ilU = ps^i^u: 

for any n > 1, and we say that u is [n]-contractive if \\u\\n < 1- This is equivalent to 

(2.2) l|[^(^*i)]Lf(4(H'),4(/C')) - I|[^*^']Lp(4(W),4(/C))' ^ 1 ^ ^ 
Next we set 

(2.3) ||m||c6 = sup 

ra>l 

By definition, u is completely bounded if \\u\\cb < oo, and we say that m is a complete 
contraction (or is completely contractive) if \\u\\cb < 1- Also we say that -u is a complete 
isometry if Igp ® m is an isometry for any n > 1. 

The above definitions come from Pisier's fundamental work [Hi and we wish to point out 
that they are consistent with the usual terminology of operator space theory. Indeed, assume 
that Schatten spaces are equipped with their 'natural' operator space structure introduced in 

Pisier's memoir. Then equip any subspace of a Schatten space with the inherited structure. 

p p 

With these conventions it is easy to check that the spaces S'JJ X and S^^Y coincide with 
the operator space valued Schatten spaces 5'^[X] and S^[Y] from [TTj, Chapter 1]. Hence it 
follows from [T71 Lem. 1.7] that the definitions of || ||„ and || ||cf, given by fl2.ll) and (12.31) 
coincide with the ones obtained by regarding X C S^iH, /C) and Y C S^iH', /C') as operator 
spaces. We shall not use much of operator space theory and we refer the interested reader 
to [18], [5] or [16] for basic definitions and background. 
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Definition 2.1. Let n > 1 be an integer. We say that X C S'*'(7i,/C) is [n]-l- complemented 
if X is the range of an [n]- contractive projection P: S^iTi.lC) Sp{H,IC). Then we say 
that X is completely 1- complemented if it is the range of a completely contractive projection 

P: sp{n,}C) sp{n,}C)- 

Note that S^{n,IC) is 'homo geneous', that is, any bounded hnear map u: 5*^(7^, /C) 
S^(TC,}C) is automatically completely bounded, with ||M||cb = (see [IHl Chap. 7]). Con- 
sequently, any X C S'^(7i, /C) is completely 1-complemented. Thus we will only focus on 
l<P7^2<ooin the sequel. 

We say that X C S^iH, JC) and Y C S^iTi.', fC') are equivalent, and we write 

X ~ r, 

if there exist two partial isometries U : H' ^ Ti. and V : K' ^ fC such that 
(2.4) X = VYU* and Y = V*XU. 

Note that if X = VYU% then Y = V*XU if and only ii y = V*VyU*U for any y eY,ii 
and only if the mapping y i-^ VyU* is one-to-one on Y . 

Lemma 2.2. Let 7Y, 7^', /C, /C' he Hilbert spaces, and let Wi: Ti ^ Ti' and VF2 : K, ^ K,' he 
two contractions. Then the linear mapping S'^iTi' , /C') S^iTi., /C) taking any z G S'^ilH! , /C') 
to W2ZW1 is a complete contraction. 

Proof. This is clear using (12.21) . □ 

Lemma 2.3. Assume that X C S^iTi, /C) and Y C S'^iTi', K') are equivalent. Then X and 
Y are completely isometric and for any n>l, X is [n]-l-complemented in S'^(7i,/C) if and 
only if Y is [n]-l- complemented in 5*^(7^', /C'). Also, X is completely 1-complemented in 
SP(H,)C) if and only ifY is completely 1-complemented in S^iTi'^fC'). 

Proof. Lemma 12.21 ensures that y ^ VyU* is a complete isometry from Y onto X. Now 
suppose that P: S'^(7i,/C) S^iT-L.tC) is a contractive projection whose range is equal to 
X, and that X and Y satisfy Then the mapping Q: S'P{n',}C') ^ SP{n',}C') defined 

by 

Q(z) = V*P{VzU*)U, z E sp{n', /C'), 

is a contractive projection whose range is equal to Y. Moreover it follows from Lemma 12.21 
that IIQIIn < ||-P||n for any integer n > 1. This implies the second part of the statement. □ 

Remark 2.4. Although it is not appearent in the notation, the property X ~ F depends 
on the embeddings X C 5*^(7^, /C) and Y C Sp(TC', /C'), and not only on the operator space 
structures of X and Y. Namely, X and Y may be completely isometric without being 
equivalent. This subtlety should not lead to any confusion, since the embeddings considered 
for various spaces studied below will be clear from the context. Note also that if we have 
Hilbert spaces H C H and K C )C, then Sp{H,K) regarded as a subspace of 5*^(7^, /C) is 
equivalent to Sp{H, K) regarded as a subspace of itself. 
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In the second part of this section, we review the classification of 1-complemented subspaces 
of S^iH, /C) obtained by Arazy- Friedman [21 E]- We fix some 1 < p 7^ 2 < cxd throughout. 
Let Xi, X2 C S^iTi, K.) be two subspaces. We say that Xi and X2 are orthogonal if 

xlx2 = and XiXj = 0, Xi G Xi, X2 G X2. 

As observed in [3", p. 18], this is equivalent to the identity 

(2.5) llxi + a;2|r = ll^if + 11x2^ , Xi E Xi, X2 E X2. 

Also it is easy to check (left to the reader) that this is equivalent to the existence of orthogonal 

2 2 

decompositions H = Hi®H2 and /C = Ki®K2 such that X^ C SP{Hi,Ki) for i = 1,2. 

Consequently, if {Xa)a is a family of pairwise orthogonal subspaces of S^(H,)C), the closed 

p 

subspace of S^iH, K) generated by the Xq,'s is equal to their p-direct sum © X^. Furthermore 

a 

we have 

(2.6) Sl®{®X^) = ®{Si®X^) 

a a 

for any n > 1. 

We say that X C S^{T-C, JC) is indecomposable if it cannot be written as the direct sum 

of two non trivial orthogonal subspaces. According to [U Prop. 2.2], any subspace X of 

p 

S^{7i,lC) is equal to a direct sum ©Xq, of pairwise orthogonal indecomposable subspaces. 

a 

For that reason we will concentrate on indecomposable subspaces in the rest of this section 
and in the next three sections. We note that if X and Y are two subspaces of some S'^-spaces, 
and if X and Y are isometric, then X is indecomposable if and only if Y is indecomposable. 
Indeed, this follows from (12.51) . 

For any two index sets / and J, we regard elements of j as scalar matrices [tjj]jg7-jej 
in the usual way. Then we \et a : S^j j S^j ^ be the transpose map, defined by 

This is an isometry. In the case J = /, we let 

S^j = {w E : a{w) = w} and A^j = {w E : a{w) = —w} 

be the spaces of symmetric and anti-symmetric matrices, respectively. 
It is clear that S^j and A^j are 1-complemented subspaces of 5*^. Indeed, 

(2.7) P, = ^ild + a) and = ^(/c/-a) 

are contractive projections whose range are equal to S^j and A^j respectively. Likewise, for any 
operator a E S'^(if) in some S^-space, the two spaces 5f ©a and A^j®a are 1-complemented 
subspaces of SP{ij{H)). 

Definition 2.5. We say that X C S^{T-C,)C) is a space of symmetric matrices (resp. of 
anti-symmetric matrices) if it is equivalent to a space of the form 5^ © a (resp. A^^ ® a), 
where I is an index set and a E S^{H). 
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Let ai G S^{Hi) and 02 G S^{H2) be two operators, and consider the spaces 
Yi = SIj ® ai C SPiejiH,),fj{H^)) and Y2 = S^j ® as C 5P(£K^2), ^'(^^2)), 
as well as 

(2.8) Y = {{w®ai, (r{w) ® as) -wE 5f j} C Fi © Y2. 

In this definition we assume that (ai,a2) 7^ (0,0), excluding the trivial case Y = {0}. 
However ai or as can be equal to 0. 

p 

The space y is 1-complemented in YiSYs- To check this fact, and also for further pur- 
poses, it is convenient to use matrix notation. In the sequel, for any Zi G j, Z2 E Sjj we 

p 

identify {zi ® ai, zs ® ^^2) G © ^2 with the 2x2 diagonal matrix 

zi 

Z2 

We may assume that ||ai||^ + HasUp = 1, and we let t = ||ai||^. Then ® ai || = H^i || ||ai|| = 
1 1 p 

whereas \\z2 © asH = (1 — t)p \\z2\\. Hence the norm on Yi ©Is in the above identifi- 
cation is given by 

zi 



Furthermore 



Z2 



Y 



^t\\z,r+{i-t)\\z2ry. 



w 
a(w) 



: w G SI 



p p 

Let P : Fi © Y2 ^ ^1 © ^2 be the linear mapping defined by 



(2.9) 



P 



( 




" 









Z2 _ 





tzi + {l-t)a-^{z2) 

ta{zi) + (1 - t)z2 



It is plain that P is a projection onto Y . Moreover by convexity we have 
\\tz, + (1 - t)a-\z2W < [n-ziW + (1 - t)\\a-\z2y^' 



<t\\z^f+{l- 
for any Zi G S"]* j, Z2 G S'j^. Likewise, 

\\ta{zi) + {l-t)z2\\ < 



w-\z2)r< 



zi 

Z2 



Zl 

Z2 



which shows that the projection P is contractive. This implies that Z is 1-complemented in 
the p-direct sum of SP{fj{Hi),ej{Hi)) and (£^(^2), ^K^2)), and hence in the ^^-space 

S^{f'jml)i%H2),f,{Hi)l)i%H2)). 

Definition 2.6. We say that X C S^{T-l, K,) is a space of rectangular matrices if it is 
equivalent to a space Y of the form Ii2.8\) . 



We now turn to the construction of operator spaces acting on anti-symmetric Fock spaces. 
We refer the reader to [U [20! f^)^ general information on these spaces. Let n > 1 be an 
integer. For any = 0, . . . , n, we let Kn,k denote the fc-fold anti-symmetric tensor product 
of the Hilbert space equipped with the canonical inner product given by 

By convention, A„^o = C. We let f2 be a particular unit element of A„^0; which is called the 
vacuum vector. Then the anti-symmetric Fock space over £^ is the Hilbertian direct sum 

2 

0<fc<n 

Throughout we let (ei, . . . , e„) denote the canonical basis of and we let Vn be the set of 
all subsets of {1, . . . , n}. Let A G Vn with cardinal \ A\ = k, and let 1 < ji < • ■ • < < n 
be the increasing enumeration of the elements of A. Then we set 

(2.10) 6^ = 6^, A- --Aej,. 

By convention, 6% = Q. Clearly the system {ca '■ \A\ = k} is an orthonormal basis of An^k- 
We will call it 'canonical' in the sequel. Note that dim(A„^fc) = {^) and that dim(A„) = 2". 
For any 1 < j < n, we let 

Cn,j • An Ajj 

be the so-called creation operator defined by letting c„j(i7) = ej, and 

c„j(6 A ■ ■ ■ A ^fc) = e^- A G A ■ ■ • A ^fc, ^i, . . . , ^fc e 
Next we denote by P„ : A„ — » A„ the orthogonal projection onto the space 

Ar" = © Kk 

0<k<n 

k even 

generated by tensor products of even rank. Following [21 p. 24], we let 

•^n,j (^n,jPn and "^n,] ^nj-^n 

be the restrictions of c„j- and c* to K'^^'^^ for any 1 < j < n. Then we set 

AHn = Span{x„j', Xnj '■ J = 1? • • • > "^j- 
This is a 2n-dimensional operator space. Next we let 

BHn = {x* : X e AHn} = Span{<^j., : j = l,...,n} 
be the adjoint space of AHn- Note that c„j = PnCnj + CnjPn- Consequently, 

■^n,j Cnj(yld Pn) and "^nj ^nji.-^^ Pn) 

are the restrictions of Cnj and c* to the space 

A°^<^ = A„eAr° = © An,k 

0<k<n 
k odd 

generated by the tensor products of odd rank. 

In the sequel we let AH^ and BH^ denote the spaces AHn and BHn respectively, regarded 
as subspaces of S'^(A„). 
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Let K : AHn BHn be the exchange map defined by letting 

(2.11) f^{xn,j) = and i^(xn,j) = <j, j = l,...,n. 

It follows from the calculations in [2, Chap. 2] that k is an isometry from AH'j^ onto BH^. 
(An explicit proof of this fact will be given in Section 5, see Remark l5.12p . For any operators 
ai G S'P{Hi) and 02 G Sp{H2), with (01,02) 7^ (0,0), we will consider 

(2.12) Z = {(x®ai,K(a;) ®a2) : x e ARp} C S^iAn^ Hi) (B S^iAn^ H2). 

2 

According to [2, Prop. 2.9], this space is 1-complemented in the p-direct sum of ^^(A^ Hi) 
and SP{Ani)H2). 

Now following [2l p. 33] we consider the (2n — 1) -dimensional operator space 

DAHfi Span-fXn^ri ~l~ Xji^^n -^nji -^nj ■ j 1, . . . , 7T. l}, 

and we let DAH^ be that space regarded as a subspace of S^{An). Then for any a G S^{H), 

2 

the space DAH^ ® a is 1-complemented in S'P{An H) , hj ^ Prop. 2.13]. 

Simple proofs of the above mentioned 1-complementation results will be given later on in 
Section 5, see Remark [5. 12[ 

Definition 2.7. Let X C S'^{T-l,}C) be a finite dimensional space of dimension N > 1. If 
N = 2n — 1 is odd, we say that X is a spinorial space if it is equivalent to a space of the 
form DAH^® a, for some a G S^{H). If N = 2n is even, we say that X is a spinorial space 
if it is equivalent to a space of the form 112.1^) . 

See the end of this section for more on this terminology. 

We shall now define a class of finite dimensional Hilbert spaces which are 1-complemented 
subspaces of S^. Let 1 < k < n. It is clear that the creation operators Cnj map An±-i into 
An^k- For any j = 1, . . . , n, we let 

be the restriction of c^j to A„ A quick examination of the definition of the c„j 's shows 
that the matrix of Cn^^k in the canonical bases of A„ and A„ ^ has its entries in {—1, 0, 1}, 
with at most one non zero element on each row and on each column. Moreover the ±1 entries 
appear exactly times. Hence ||c„j,fc]|^ = (^ij) for any j. We let 

Hn,k = Span{c„j-fc : j = 1, . . . 

and we let H^/^ be that space regarded as a subspace of S'^(A„). By [31 Chap. 7], if^^ is an 
ra-dimensional Hilbert space. More precisely, the linear mapping 

(2-13) ^k- — > HPa,k^ Vkiej) = Cn,j,k, l< 3 <n, 

is a multiple of an isometry, i.e. [(^Zi)] ''^k is an isometry. We refer the reader to p n[T2l[T3] 
for more on these Hilbert spaces and their operator space properties. 
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For any operators ai G Sp{Hi), . . . ,an € SP{Hn), with (ai, . . . , a^) 7^ (0, . . . , 0), we will 
consider the space 

p 2 

(2.14) E = {{<^i{s)®ai,...,<^n{s)®an) -.seil} C © S^iAn^Hk). 

l<k<n 

Clearly E' is a Hilbert space. Indeed if we assume (after normalisation) that 

WkWp = 1, 



EG:;) I 



then the linear mapping l\ ^ E taking any s G £^ to (v2i(s) ® ai, . . . ,^Pn{.s) ® a„) is an 
isometry. According to [2| Prop. 2.5], the space E is 1-complemented. 

Theorem 2.8. (Arazy-Friedman) Let 7Y, /C he Hilbert spaces, and let X C S^{T-C,IC) be an 
indecomposable subspace, with 1 < p 7^ 2 < 00. The following are equivalent. 

(i) X is 1-complemented in S^iHyJC). 

(ii) X is either a space of symmetric matrices, or a space of anti- symmetric matrices 
(in the sense of Definition 1^.5] ). or a space of rectangular matrices (in the sense of 
Definition \2.6\) . or a spinorial space (in the sense of Definition \2. 7| j of dimension 
> 5, or a finite dimensional Hilbertian space equivalent to a space of the form 



By Lemma 12.31 and the results we have recorded along this section, all the spaces in the 
list (ii) are 1-complemented. The hard implication '(i) ^ (m)' is proved in [Sj, Chap. 7] in 
the case p > 1 and in [21 Chap. 5] in the case p = 1. 

After reducing to the case of indecomposable spaces, the proof of Theorem 1 1.1 1 will mainly 
consist in showing that the spaces in the list (ii) above are not completely 1-complemented, 
except the ones which are equivalent to some j ^ a. This will be achieved in the next 
three sections. 

It should be noticed that the classes of 1-complemented subspaces considered above do 
not exclude each other. For instance, the Hilbert space S^ i is equivalent to -f^^ i, whereas 
5^ is equivalent to H^n- the other hand, AHf = and it follows from [21 Chap. 2] 
that AH2 is equivalent to S"! , AH^ is equivalent to ^4, DAH2 is equivalent to S2 and is 
equivalent to -^32- 

Remark 2.9. Suppose that p > 1. If X C S^iH, fC) is 1-complemented, then the contractive 
projection P : S^iTC, JC) — >■ S^iH, /C) whose range is equal to X is unique (see [21 Prop. 1.2]). 

This uniqueness property is false in the case p = 1 (see e.g. [21 p. 36]). However a 
similar result holds true, as follows. Let X C 5*^(7^, /C) be a subspace and let r G B{T-C) 
and i G B{IC) be the smallest orthogonal projections such that ixr = x for any x ^ X. Let 
H cH and K C JChe the ranges of r and i, respectively. Thus X C S^{H, K), and H, K are 
the smallest subspaces of 7i, K, with that property. We say that X is nondegenerate ii H = 71 
and K = IC. It is proved in [2j Th. 2.15] that if X is 1-complemented and nondegenerate, 
then the contractive projection P on S^((H, /C) with range equal to X is unique. 

Note that X regarded as a subspace of S^((H, JC) is equivalent to X regarded as a subspace 
of S^{H,K). Thus if we wish to determine whether X is [n]- 1-complemented (for some 
n > 1), there is no loss of generality in assuming that X is nondegenerate. 
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We end this section with some terminology and notions which play a central role in the 
work of Arazy- Friedman [21 E], and some basic facts. 

Let Ti, fC be Hilbert spaces and let X C BiTi, K) be a closed subspace. By definition X is 
a JC*-triple if xx*x belongs to X for any x & X. Next a linear map u: X between two 
JC*-triples X and Y is called a triple homomorphism if u{xx*x) = u{x)u{x)*u{x) for any 
X G X. If M is one-to-one, we say that m is a triple monomorphism. If further m is a bijection, 
then also is a triple homomorphism and we say that m is a triple isomorphism in this 
case. It is well-known that a bijection u: X ^ Y between two JC*-triples is an isometry if 
and only if it is a triple isomorphism (see [7j). We say that X and Y are triple equivalent if 
there is a triple isomorphism from X onto Y. 

We now turn to Cartan factors of types 1-4. We mainly follow [7j (see also [H]). By 
definition, a Cartan factor of type 1 is a JC*-triple which is triple equivalent to some -B(7i, /C), 
where Ti, JC are Hilbert spaces. Next let 7^ be a Hilbert space with a distinguished Hilbertian 
basis, and let w t— > *w denote the associated transpose map on B{7i). Then the space of 
anti-symmetric operators 

A{n) = {we Bin) : = -w} 

is a JC*-triple, and we call Cartan factor of type 2 any JC*-triple which is triple equivalent 
to some A{Ti.). Likewise, the space of symmetric operators 

S{n) = {we Bin) : 'w = w} 

is a JC*-triple, and we call Cartan factor of type 3 any JC*-triple which is triple equivalent 
to some S{7i). Lastly, let X C B{7i) be a closed subspace such that x* e X for any x e X 
and x"^ is a scalar multiple of the identity operator for any x e X. Then X is a JC*-triple, 
and we call Cartan factor of type 4 any JC*-triple which is triple equivalent to such a space. 

Let n > 2 be an integer. An n-tuple (si, . . . , s„) of operators in some B{7i) is called a 
spin system if each Sj is a selfadjoint unitary and 

SjSji + SjiSj = 0, 1 < j 7^ j' < n. 

In this case, the n-dimensional space 

X = Spanjsi, . . . , Sn} C B{T-C) 

is a Cartan factor of type 4. 

Let wi, . . . ,Wn be the operators on A„ defined by 

Uj = CnJ + clj, j = l,...,n. 

These operators are called Fermions and they form a spin system (see e.g. [3]). Hence 
their linear span is an n-dimensional Cartan factor of type 4. It is well-known that all 
ra-dimensional Cartan factors of type 4 are mutually triple equivalent. Thus the space 
Spanjcji, . . . ,ujn} is actually a model for such spaces. 

It turns out that the spaces AH^ and DAHn considered in this section are Cartan factors of 
type 4. This will be implicitly shown along the proof of Theorem 15. Ill We refer the reader to 
[3] for details on this, and for a deeper analysis of the relationship between 1-complemented 
subspaces of S'^-spaces and Cartan factors. 
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In the framework of operator space theory, it is natural to wonder whether a triple isomor- 
phism between Cartan factors is necessarily a complete isometry, that is, if the identification 
of Cartan factors in the category of JC*-triples coincide with their identification as operator 
spaces. This is not always the case. Indeed, if ?^ or /C has dimension > 2, any transposition 
map B{T-C,}C) — B{)C,T-C) is a triple isomorphism which is not completely isometric. This 
question is more delicate for Cartan factors of types 2-4 and will be discussed further in 
Section 7 (see in particular Proposition 17.31 and Remark 17. 4p . 



3. Elementary computations 



In this section we will treat rectangular matrices, symmetric matrices, and anti-symmetric 
matrices. We will only need elementary matrix computations. 

Proposition 3.1. Let X C 5*^(7^, /C) be a space of rectangular matrices, and assume that 
1 < p ^ 2 < oo. 

(1) If X is [2]-l-complemented in S^{7i, K,), then there exist two index sets I, J, a Hilhert 
space H and an operator a G S^{H) such that X is equivalent to Sj j ® a. 

(2) IfX is equivalent to a space of the form S^j j®a, then X is completely 1- complemented 
inSP{n,lC). 

Proof. Part (2) is obvious by Lemma [2.3[ To prove (1), it suffices by Lemma [2.31 again to 
consider index sets /, J with (J, J) ^ (1, 1) and to show that for any operators ai G S'^i^Hi), 
a2 G S^{H2), the space defined by (12.81) is [2]-l-complemented only if ai = or a2 = 0. We 
will use matrix notation as introduced in Section 2. We assume that ||ai||p + ||ct2||p = 1 and 
we let t = ||ai||^. 

Let us write Yj^j for the space defined by (12. 8p . For any I' d I and J' C J, we have 
a natural inclusion Yji^ji C l/^j. Then Yf ji is clearly completely 1-complemented in 1/ j. 
Hence without loss of generality we can assume that 1 = 2 and J = 1. 

Assume that Y = 1^2,1 is [2]- 1-complemented. Then by Remark 12.91 the projection P on 

p 

Yi (BY2 defined by (12. 9p is [2]-contractive. According to (l2.6p . we have an isometric identifi- 
cation 

5f ®(ri © Y2) = ® SI,) ® aJ © © Sl^) © aal , 



and for any Zi G ( 
(3.1) 



'SI 



CP 
•^4,2 



and Z2 G © S'f 2 



S24, we have 












( 





Z2 _ 





tZi + (1 



t)[Isv®a-^]{z2) 








t[Isl(^a]{zi) + {l-t)z2 

Assume first that 2 < p < 00. For any positive angle ^ > 0, consider 



z,{9) 



(cos(^))p 










(sin(^))i 




and 



Z2{9) 



(cos(^))' 











(sin(^))i 
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Then we have 



\z2{e)\\i = cos{ef + ?,m{ef = i, 



hence 
(3.2) 



zi{e) 
Z2{e) 



1. 



5P 0(^1 era) 



Applying the transpose map a: 82^^ and its inverse, we find that 

[Isi®a]{z,{e)) = 

and that 



(cos(e))p (sin(^))p 




[Isi®a-']{z2{e)) 

Consequently, we have 

tZl(^) + (l-t)[J..®a-l](^2W) 



(cos(^))p 





(sin(^))f 



(cos(6'))p 




(1 -t)(sin(^))i 






t(sin(e)) 




whereas 
Thus 

\\tzr{9) + {l-t)[Isv®a-\z2{9))\\ > 



cos{e))p t{sm{e))p 

(1 -t)(sin(0))f 



(cos(0))p 
(1 -t)(sin(^))i 



•^2,1 



4 . i 



= ((cos(0))p + (1 -t)2(sin(0))p)^ 
Likewise, 

\\t[IsF^0a]iz^{9)) + (1 - t)^2(^^) > {(cosie))! + t\sm{9))l)K 
Using fl3.2p . these estimates imply that 

\\Pf2 > t((cos(0))p + (1 -t)2(sin(^))p)^ + {1 -t){{cos{e))l +t\sm{e))py 
Since p > 2, we have ^ < 2. Consequently, 

{cos{6))l = 1 + o{6p) and {sm{6))l = Qp + o{6p) 
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on a (positive) neighborhood of zero. Hence 

1 = I|i^ll2 > ^(1 + {I - 1)^0^ + o{el))^ + (1 

[1 - t)f)el + o{el) 

p. 



This imphes that t(l — t) = 0, that is, ai = or 02 = 0. 

The case when 1 < p < 2 can be treated by duahty, or by a direct similar argument. 
Indeed, let p' = {p — > 2 be the conjugate number of p and apply (13. ip with 



{cos{9))p- 



(sin(0))^ 











Then we find that 







and that 









Z2 



and 





Z2 
> 1 



Z2 



[cos{e)y (sin(^))^^ 




1 + -9^' + o{dv') 



2p 



2p, 



p 



{t{i - ty + tp{i - t))e7 + o{ev) 



2p ^ 4 
V' 

The case p 



Since -7 < 4, we deduce that t 



or t = 1 if P is [2]-contractive. 
1 has a similar proof, with 

1 

"10 



Zl 






e 



and 



Z2 







□ 



Proposition 3.2. Let X C S'^{H,}C) and assume that 1 < p 7^ 2 < 00 and dim(X) > 1. If 

X is either a space of symmetric matrices or a space of anti- symmetric matrices, then X is 
not [2]-l- complemented. 



Proof. By Lemma [2.3[ it suffices to show that for any a G S'^{H) \ {0}, the space 5^ (S> a is 
not [2]-l-complemented, unless / = 1, and that the space <S) a is not [2]-l-complemented, 
unless / = 1 or 2. Using Remark 12.91 and an obvious reduction, this amounts to showing 
that the contractive projections 

and 



SI 



P ■ S*^ 



SI 



given by (12. 7p are not [2]-contractive. 
The subspace 

S12 Si3 



S21 
S31 













S12, Si3, S21, S31 G 
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is completely isometric to 5*2 i © S'f 2, and 



Pn 





S3I 



S12 






Sl3 








S21 - S12 

S3I ~ ■5i3 



S12 — S2I 






■S13 ~ ■531 





Hence 



where P is the projection defined by (12.91) in the case when J = 2, J = 1, and ||ai|| = || 02 li- 
lt follows from the proof of Proposition 13. II that this projection is not [2]-contractive. Thus 
Pa is not [2]-contractive either. 

The fact that Ps is not [2]-contractive on S'f also follows from the proof of Proposition 13. II 
We skip the details. □ 



4. Finite dimensional Hilbertian subspaces 

In this section we will treat finite dimensional Hilbertian 1-complemented subspaces of 
S'^-spaces. We use the notation introduced in Section 2. Let n > 2 be an integer. For any 
contraction T: £^ — > we let F(T) : A„ — > A„ be the linear mapping defined by F(T)Q = Q 
and 

F(T)(ei A ■ ■ ■ A 6) = n^i) A ■ • ■ A T(a), ^i, • • • , ^ e il 
It is well-known that F{T) is a contraction (the construction T \—>- F{T) is called the second 
quantization). Note that F{TiT2) = F(Ti)F(T2) for any two contractions Ti,T2 of Thus 
F{U) is a unitary if ?7 is a unitary, and we have F{U)* = F{U*) in this case. We will need 
the following observation of independent interest. 

Lemma 4.1. Let U: i"^ ^ i"^ be a unitary operator, and let U: -B(A„) -B(A„) be defined 
by 

U{W) = F{U)WF{U)*, WeB{An). 
Then for any 1 < k < n, U (Hn^k) C Hn^k md the restriction of U to Hn^k coincides with U . 
(More precisely, U = (p'^^Uipk, where ipk - (^n^ Hn,k is defined by l\2.13\) ). 

Proof. It is clear that U maps B{An^k-i, -^n.k) into itself. Assume for simplicity that k > 2 
(the case A; = 1 is similar). Let I < j < n, and let ,^1, . . . , ^k-i £ ^n- Then 

[U{cn,j,k)] (6 A ■ ■ ■ A 6-1) = F{U)cn,,,kF{Uy{^i A ■ • • A ^-i) 

= F{U)Cn,,,k{U*{^i) A ■ ■ ■ AU*{^k-i)) 

= F(f/)(e, Af/*(^i) A--- Af/*(a_i)) 

= f/(ej) ACi A--- A^fc-i, 
since UU* = Ig2. This yields the result. □ 

It was proved in [121 Th. 1] that for any 1 < k < n, Hn,k C i?(A„) is a homogeneous 
operator space. Using [T8l Prop. 9.2.1], this result readily follows from the above lemma. 
The latter implies that H^f^ C S'p(A„) is homogeneous as well. 
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Proposition 4.2. Assume that 1 < p 7^ 2 < oo and let ai G ^^(ifi), . . . , a„ G S^{Hn), 
with (ai, . . . , a„) 7^ (0, . . . , 0). T/ie n- dimensional Hilhert space E defined by (2J^ is [2]-l- 
complemented if and only if 

or oi = • • • = a„_i = 0. 



02 = • ■ • = a„ = u or 
Proof. The 'if part is clear. If for example 02 



CP 



= • • • = a„_i = 
a„ = then 



hence E' is completely complemented. 

We shall now prove the 'only if part. We assume that E is [2]-l-complemented. We will 
somehow reduce to the case when dim{E) = 2. Let us apply the second quantization to the 
unitary 

1 

1 (0) 



u 



-1 



(0) 



Since U"^ is the identity on we have F{Uy 
B{An). We set 



-1 . 



hence f/^ is the identity operator on 



A 



Id + U 



Then A is a projection. Moreover f/ is a complete contraction on SP{An) by Lemma 12. 2^ 
hence A: S^^An) S'*'(A„) is a complete contraction as well. We let 



A 



© SP{An)0ak 

l<k<n 



l<A:<n 



be the amplification of A taking {zi ai, . . . , ctn) to {A{zi) ® oi, . . . , A{zn) © o-n) 
any Zi, . . . ,Zn in ^^(A^). Clearly, A®" also is a completely contractive projection. 
It follows from Lemma [4. II that for any 1 < k < n, A maps Hn^k into itself, and that 

A(v9fc(s)) =V5fc((s,ei)ei + (3,62)62) 



for 



(s,6i)c„,i,fe + (S,62)c„,2,fc, 



S G 



Thus A®"^ maps E into itself, and 

A®"(E) = |((SiC„,i,i + S2C„,2,l) © fll, • • • , (S1C„,1,„ + S2C„,2,n) © On) : Si,S2GC| 

is completely 1-complemented in E. Therefore, the 2-dimensional Hilbert space A®"(£') is 
[2]-l-complemented in the p-direct sum of the S'^(A„) © a^'s. 

Let 1 < k < n. Given any Si, S2 G C, let us look at the matrix Mk{si, S2) of the operator 
SiCn,i,k + S2Cnxk in the canonical bases {cb '■ \B\ = k — 1] and {ca '■ \A\ = k} of A„fc_i 
and A„ fc (see Section 2). We call mA_,B the entries of this matrix. If 1 ^ i? and 2 ^ B, then 
mAi,B = si and mA2,B = ■§2, where Ai = B U {1} and ^2 = 5 U {2}. All other entries in 
the column indexed by B are equal to 0. This case occurs (^Z^) times. Otherwise, that is if 
1 G -B or 2 G -B, then the column indexed by B has at most one non zero entry. Likewise 
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if {1,2} C A, then mA,Bi = -^i and mA,B2 = ~S2, where Bi = A \ {1} and B2 = A \ {2}. 
All other entries in the row indexed by A are equal to 0. This case occurs (^12) t™6s. 
Otherwise, that is if 1 ^ A or 2 ^ A, then the row indexed by A has at most one non zero 
entry. Furthermore the submatrices 



Sl 
S2 



and 



[ Sl -S2 ] 



appearing in Mk{si,S2) are 'orthogonal' to each other. Namely if itia^^b = Si, mA2,B = -52, 
^A,Bi = Sl and mA,B2 = ^S2, then A is both different from Ai and A2 and B is both 
different from Bi and i?2- Consequently for an appropriate ordering of the canonical bases 
of Ank-i and Ank, we have a block diagonal representation 



MJsi, S2) 



Sl 
S2 



[ Sl -S2 ] ® /, 



fc,2 







k,3 



where I^^i is the unit of the square matrices of size (^_^), Ik,2 is the unit of the square 
matrices of size (^Zg)' ^^'^ '-''='3 rectangular matrix of size ("^^) x (^Zg). We 

deduce that there exist two operators 61 G S^{Ki) and 62 G S^{K2) (defined on large enough 
Hilbert spaces Ki,K2) such that 

A®"(E) ~ y : = I ®6i, [si -S2 ] ®&2j : Si,S2 G c| 



and 
(4.1) 



\bir = J2ir-l)\Mi and 



(fc-2) I 



k=l 



k=l 



les 



By Lemma [231 Y is [2]-l-complemented in ^p(£2(Ki), K^) © 5P(ir2, £i(ir2)), which imph 
by Proposition 13.11 that 61 = or 62 = 0. For any 1 < A; < n — 1, we have (^Zi) 7^ 0- Hence 
in the case when bi = 0, we have ai = ■ ■ ■ = a„_i = by (14.11) . Likewise in the case when 
62 = 0, we have 02 = ■ ■ ■ = ctn = 0. □ 



5. Spinorial subspaces 

In this section we will prove that spinorial spaces (as defined in Definition 12. 7p of dimension 
> 5 cannot be [2]-l-complemented. As an intermediate step of independent interest, we will 
consider a variant of these spaces, using the Fermions and Clifford algebras. The necessary 
background on these topics can be found in [H [20] • 

We need a few simple facts about noncommutative L^-spaces and their completely bounded 
maps. The following definitions extend those given in Section 2 for the Schatten spaces. If 
M is any semifinite von Neumann algebra equipped with a normal semifinite faithful trace ip, 
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and 1 <p < oo, we let LP{M,ip) (or simply U'{M)) denote the associated noncommutative 
L'^-space. Recall that if we let 

\\A\p=MA^))K xeM, 

then LP{M,ip) is the completion of the space {x G M : < 00} equipped with || 

See e.g. [19] for information on these spaces. If {Mi,(fi) and {M2,(f2) are two semifinite 
von Neumann algebra, let Mi^M2 denote the von Neumann algebra tensor product and let 
(pi^ip2 denote the associated semifinite faithful trace. Then 

LP{Mi, ^i) ® LP{M2, V2) C LP(Mi®M2, Vi®ip2) 

is a dense subspace. For any closed subspace X C Lp(M2, (p2), we denote by 

LP(Mi, ^1) I) X C LP{M{^M2, V5i®v?2) 

the closure of Lp(Mi, (pi) ® X in L^{Mi®M2, ^i®<^2). 

If m: X — i> y is any bounded linear map between two subspaces of noncommutative L^- 
spaces, we define ||M||n and ||M||cfe by (12. ip and (12.31) . Then the terminology introduced in the 
second paragraph of Section 2 also extends to this context. Again we refer to [T7] for the 
connections with operator space theory and further information. We will use repeatedly the 
following well-known easy fact. 

Lemma 5.1. Assume that (Mi,(y9i) and {M2,(p2) are finite von Neumann algebras and let 
it: Ml M2 be a one-to-one * -representation. Let 6 > be a constant and assume that 
(f2{iT{x)) = 6(fi{x) for any x G Mi. Then for any 1 < p < 00, S^^tt (uniquely) extends to a 
complete isometry from U'{Mi) into U'{M2). 

For any Hilbert space Ti we write tr for the usual trace on B{T-C). In the sequel, the 
semifinite von Neumann algebras we will meet will be either finite dimensional ones or the 
Schatten spaces SP(n) = LP{B{n),tr). 

Let X > 1 be an integer. For convenience we write 1 for the identity operator on B{Ai\f). 
Recall that the Fermions uj = cnj + c*j^j G B{An) are selfadjoint unitaries which anti- 
commute, that is, 

Vj, = 1 and u* = ujj] Vj 7^ j' , ojjUji = —ujjiujj. 

These properties will be used throughout without any further comments. As an immediate 
consequence, we have 

(5.1) (cUi ■ --UN-lUJNf = (-1) * 2 ' . 

The Clifford algebra with X generators is the C*-algebra 

= C*{uJi,...,iUN) C B{An) 

generated by the first X Fermions. The dimension of Cat is equal to 2^. More precisely, for 
any A G Vn (the set of all subsets of {1, ... , X}), set lja = i^i^ ■ ■ ■ uji^, when A = {ii, . . . , z^} 
and ii < ■ ■ ■ < ii. By convention, = 1. Then {uja '■ A G Vn} is a basis of Cjy. 

Recall that G Ajy denotes the vacuum vector. The functional Tr: Cat — > C defined by 

Tr(x) = {x{Q),fl), X G Cn, 
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is a normalized trace on C^. For 1 < p < oo, we let U'{Cn) denote the associated non- 
commutative L^-space. In the sequel, by an orthogonal projection Cn —^Cn, we will simply 
mean a projection which is orthogonal on the Hilbert space L'^{Cn). It turns out (easy to 
check) that {ua '■ A G Vn} is an orthonormal basis of L'^^Cjy). 
We will focus on the operator space 

En- = Spanjl, cui, . . . , ujn} C Cn- 

Lemma 5.2. Let P: Cn ^ Cn be the orthogonal projection onto En- Then 

\\P:LP{Cn)-^L^{Cn)\\ = 1. 

for any 1 < p < oo. 

Proof. We will first show that P is positive. Let x & Cn with x > 0. In particular x is 
selfadjoint. Since En and E^ are both selfadjoint subspaces of Cn, this implies that P{x) 
is selfadjoint as well. Thus there exist real numbers a, Pi, . . . , Pn such that 

N 

P{x) = al + 

Let 

N 1 

if /3 7^ 0. Since the /3j's are real, we have u* = uj and the anticommutation relations yield 

.2 



p-'J2p,P,,u,u,> = =L 



(jj 

Thus c<j is a selfadjoint unitary. Let g+ = 2~^(1 + oj) and g_ = 2~^(1 — oj). Then g+ and g_ 
are orthogonal projections with sum + g_ = 1 and 

P{x) = {a + p)q+ + {a- p)q-. 

Since Tr{u!j) = for any j, we have Tr{uj) = 0. Hence Tr{q^) = 1/2. Consequently, 

Tr{xq+) = Tr{xP{q+)) = Tr(P{x)q+) = '^^ _ 

Since x > 0, we have Tr{xq+) = Tr{q^xq+) > hence we have proved that a + P > 0. 
Likewise, a — P > and we deduce that P{x) > 0. The argument works as well if /5 = 0. 

We have shown that the map P: Cn ^ Cn is positive. Since it is unital, it is a contraction 
(see e.g. [16, Cor. 2.9]). Since P is selfadjoint, we obtain for free that P: L^{Cn) — > L^{Cn) 
also is a contraction. We deduce by interpolation that P : L'p{Cn) L'p{Cn) is a contraction 
for any 1 < p < oo. Indeed, L'p{Cn) = [Cn,L^{Cn)]i, where [ , ]e denotes the complex 

interpolation method, see e.g. [19] for details. □ 

We shall now discuss several facts depending on the parity of A^. It is well-known that for 
any integer n > 1, 

(5.2) C2n — * -isomorphically. 



19 

Moreover this identification induces an isometric identification 

for any p > 1. Indeed if vr: is tlie canonical *-isomorpliism, tlien we liave 

Tr(7r(x)) = 2^"tr{x) for any x G M2n. Tliis implies by Lemma [5. II that for any p > 1, 

2p tc: 82,1 — > L^{C2n) is a complete isometry. 
We now consider the odd case. For any n > 1, we set 

(5.3) Pn = + ^"^1 ■ ■ ■^2nt^2n+l) ^ C2n+1- 

From (15.11) we have (z^Wi ■ ■ ■ ci;2n'^2n+i)^ = 1, hence pn is a (non trivial) selfadjoint projection. 
Moreover the anti-commutation relations imply that 

(iJl ■ ■ ■ UJ2n^2n+l)^ j = " " ■ UJ2n^2n+l) 

for any j = 1, . . . , 2n + 1. Thus Ui - ■ ■ uj2n^'2n+i lies in the center of C2n+i and p„ is therefore 
central. This induces a direct sum decomposition 

00 

(5.4) C2„+l = PnC2n+l ©(1 - Pn)C2n+l- 

Regarding C2n as a subalgebra of C2„+i in the obvious way, we have 

(5.5) PnC2n = PnC2n+l- 

Indeed note that C2n+i is spanned by C2n and the set {u!A<^2n+i '■ A ^ 'P2n}- Thus to get 
this equality, it suffices to check that for any A G V2n, we have Pn^A<-^2n+i ^ PnC2n- We have 

'^Pn<^A'~^2n+l = ^A<^2n+1 + ^""^l ' ' ' ^2n+l'^ A^2n+1 = ^A^2n+1 + ( — 1) '"^'cUl ■ ■ ■ UJ2nOJA- 

Let y = z"(— l)!^!^^! ■ ■ ■co'2ni^A- Then y G C2n and 

Tt^l ■ ■■UJ2n+iy = (-l)"(-l)'^'t^l ■ ■ ■ UJ2ni^2n+lUJl " " " t^2nC^yl 
= (-l)"(t^i ■ ■ ■ UJ2nfuJAi^2n+l 
= UJAUJ2n+l, 

by (15.11) . Hence Pn^^A^^2n+i = PnU, which proves the result. 
Since C2n is simple, the ^-representation 

TTo : C2n > C2n+1, X p„X, 

is one-to-one. The equality we just proved shows that its range is equal to p„C2n+i- Likewise, 
the *-representation 

7ri:C2n ^ C2n+i, X (1 - p„)x, 

is a *-isomorphism from C2„ onto (1 — p„)C2„+i. Hence the decomposition (15.41) induces 
*-isomorphisms 

oo oo 

(5.6) C2n+1 ^ C2n © C2n ^ M2^ © M2^ . 

We observe that Tr(7ro(a;)) = Tr{Tii{x)) = ^Tr(x) for any x G C2n- By Lemma ISTTl this 
implies that for any p > I, 

(5.7) 2p7ro, 2p7ri: L^{C2n) — ^ L^{C2n+i) are complete isometries. 
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This yields canonical isometric identifications 
We introduce 

Fn = Span{l, UJi,. . . , t^2n, UJi--- UJ2n} C C2n 

This operator space is closely related to -E2n+i- Indeed owing to the calculation we made to 
prove fl5.5p . we have 

(5.8) P„t^2n+l = Pn(^"t^l ■ ■ ■ i^2n)- 

Hence vro(F„) = p„-E2n+i- Likewise, we have 

(5.9) (1 -P„)t^2n+l = -(1 -p„)(i"t^l---U;2ri), 

and 7ri(F„) = (1 — Pn)E2n+i- Arguing as in Lemma [5. 2[ we have the following. 
Lemma 5.3. Let Q : C2n C2n be the orthogonal projection onto Fn- Then 

\\Q:L^{C2n)~^L'{C2n)\\=l 

for any 1 < p < oo. 

For any p > 1, we let E^ denote the space E^ regarded as a subspace oi Lp{Cn). Likewise 
for any n > 1 we let F^ denote the space F„ regarded as a subspace of U'{C2n)- We define 
a 'transpose map' 

r- F — > F 

by letting r(l) = 1, riuj) = uj for any j = 1, . . . , 2n, and t{u!i ■ ■ ■ U2n) = — c^i ■ ■ ■ i^2n- The 
following fact will be used later on in this section. 



Lemma 5.4. Consider 



2n+l 



2n+l- 



Then 9{pn) = 1 - p„ and 9{pnUJj) = (1 - p„)t^j for any j 



,2n + l. 



Proof. Only the relation 9{pnUJ2n+i] 
and ra . 



^1 — Pn)uj2n+i needs a proof. This follows from (15.81) 

□ 





" 1 " 




' 


1 " 


a = 


-1 


, b = 


1 






and 



Remark 5.5. 

(1) In the case when n = 1, we have Fi = €2- Consider the so-called Pauli matrices defined 

by 

1 
-1 

Then the *-isomorphism vr: M2 C2 yielding (15.21) in the case n = 1 is defined by 7r(l) = 1, 
7r(a) = uJi, 7r(6) = uj2 and 7r(c) = ujiuj2- Thus t: Fi ^ Fi corresponds to the classical 
transpose map of M2. 

(2) Let t' : Fn ^ F„ be defined by letting r'(l) = 1, T'{uj) = —Uj for any j = 1, . . . , 2n, 
and t'{ui ■ ■ ■ uj2n) = — t^i ■ ■ ■ oj2n- Let Q be the projection introduced in Lemma 13751 Adapting 
the argument in the proof of Lemma 137^ one obtains that r'Q : C2n ^ ^2^ is a positive, unital, 
selfadjoint operator, and hence that t'Q: U'{C2n) —>■ LP{C2n) is a contraction for any p> 1. 
By restriction, we deduce that r' : F^ ^ F^ is a contraction. Since t' is an involution, this 
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is actually an isometry. Let tt : be the ^-isomorphism taking Uj to —uOj for any 

j = 1, . . . , 2n. Then vr : U'{C2n) L^{C2n) is a complete isometry for any p (see Lemma [5. II) 
and ttt' = r. We deduce that for any p > 1, r is an isometry on F^. 

However in general, r: — is not a complete isometry. Indeed by (1) above and 
Proposition 13.21 t: Ff Ff is not completely contractive unless p = 2. The question 
whether r: F^ — >■ F^ is a complete isometry is a key issue for our understanding of the F^'s 
as operator spaces. This will be discussed in details in Section 7 below. 

(3) Let cr: — ^ C2n be the (necessarily unique) anti-*-isomorphism such that ci{ujj) = ujj 
for any j = 1, . . . , 2n. According to (15.11) . we have aiui ■ ■ ■ uj2n) = (— l)"i^i ■ ■ ■ c^2n- Thus the 
restriction a\F„ is equal to r if n is odd and is equal to Ip^ if n is even. 

Let F°P be the space F„ equipped with the opposite operator space structure (see e.g. [TU 
Section 2.10]). The mapping a is a *-homomorphism from into the opposite C*-algebra 
and F°P C completely isometrically. Hence by the above paragraph, t: F^ ^ F°p 
is a complete isometry if n is odd whereas Ip^ : F„ — F°p is a complete isometry if n is even. 



Proposition 5.6. Let N > 2 be an integer and let P : Cn — > Cn be the orthogonal projection 
onto En. Then for any I < p ^ 2 < oc, we have 

\\P:LPiCN)^LPiCN)\\2>l. 

Proof. Let A = Spanjl, cji, ^^2, ^^i^^2} C. Cjy and let A^ be this space regarded as a subspace 
of Lp{Cn)- Then P maps A onto its subspace Span{l, cui, a;2}. Under the identification given 
in Remark 15.51 (1), the latter space coincides with the space symmetric 2x2 matrices and 
we deduce that 

where Ps denotes the canonical projection onto 5f . The result therefore follows from Propo- 
sition [si □ 

For any operators ai G S^{Hi) and 02 G S^{H2), with (oi, 02) 7^ (0, 0), let us consider the 
following analog of (I2.12p : 

(5.10) G= {(x®ai,r(x)®a2) : x e F^} C {LP{C2n) ® S^^{H,)) (B{LP{C2n) ® SP{H2)). 

Proposition 5.7. Assume that 1 < p 7^ 2 < 00 and that n > 2. Then the above space G is 
1- complemented but is not [2]- 1- complemented. 

Proof. Let us assume that ||ct2||^ = 1 and let t = \\ai\\^. Recall the projection Q from 

Lemma [5.31 We let 

R: (LP(C2„,) ® ai) ®(LP(C2„) ® 02) (^^(Csn) ® ai) ®(^^(C2„) ® ^2) 

be the linear mapping defined by 

R{zi (g) ai, Z2 ® as) = {{tQ{zi) + (1 - t)TQ{z2)) ® ai, (tTQ(2;i) + (1 - t)Q{z2)) ® 02), 

for any ^1,2:2 ^ L'^{C2n)- This definition is an analog of (12. 9p . Arguing as in Section 2 and 
using Lemma [5.31 we obtain that i? is a contractive projection. 
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To show that G is not [2]-l-complemented, it suffices by Remark 12.91 to show that the 
above mapping R is not [2]-contractive. The proof is similar to the one of Proposition 15.61 
Again we consider A = Span{l, tui, C1J2, cc'ici;2} and we note that since n > 2, tQ{z) = Q{z) 
for any z & A. Thus 

R{z^ai,z^a2) = {Q{z) ai,Q{z) ^ a2), z E A. 

Consequently, 

\\Rh > \\Q- ^% = \\Ps- SI ^ si\\^, 

and the latter norm is > 1 by Proposition 13. 2[ □ 
Remark 5.8. 

(1) As a special case (ai = 0,02 = 0), we obtain that for any n >2 and any non zero 
a G S^{H), the space 

F„®aC LP(C2„)®5P(iJ) 
is not [2]-l-complemented for p ^ 2. Equivalently, 

\\Q:LP{CN)^LP{C^)h>l 

whenever p ^ 2. 

(2) It follows from Proposition 15.61 that for any N >2 and non zero a G S^{H), the space 

is not [2]-l-complemented for p ^ 2. 

Our next goal is to prove Theorem 1 5 . 1 1 1 b elow . We need more information on spin systems. 
We noticed in Section 2 that for any > 1, the Fermions (cui, . . . ,un) form a spin system. 
Also it follows from (15. ip that for any n > 1, the {2n + l)-tuple (cui, . . . , uj2n, i^oji ■ ■ ■uj2n) is 
a spin system. The next lemma shows that these are essentially the only examples. 

Lemma 5.9. Let n > 1 be any integer. 

(1) Let {si,...,S2n) be a spin system with an even cardinal. There is a (necessarily 
unique) * -isomorphism 

TT: C2n ^ C*{si, . . . , S2n) 

such that TT{ujj) = Sj for any j = 1, . . . ,2n. 

(2) Let (si, . . . , S2n+i) be a spin system with an odd cardinal and let 

g = ^ (1 + ■ ■ ■ S2„S2„+l) . 

U Q ^ {0, 1}, then there is a (necessarily unique) *-isomorphism 

: C2n+1 ^ C* {Si, . . . , S2n+l) 

such that TT{uJj) = Sj for any j = 1, . . . , 2n + 1. In this case, we have vr(p„) = q. 
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Note that in (2) above, g = if and only if S2n+i = —i'^Si ■ ■ ■ S2„. In this case (1) ensures 
that there is a ^-isomorphism vr: C*{si, . . . , S2n) such that 7f{uJj) = Sj for any j < 2n 

and 7r(i"co'i ■ ■ ■uj2n) = S2n+i- A similar comment applies when q = 1. 

For simplicity, we now let Cj (instead of c„j) denote the creation operators on A„ and 
recall that we defined Uj = Cj + c* for any j = 1, . . . , n. Next we let 

(5.11) uj^^ = ^Ll^ j = l,...,n. 

It is well-known (and easy to check) that the 2?T,-tuple (c^i, . . . ,cc;„,u;_i, . . . ,a;_„) is a spin 
system. 

Proof of Lemma \5. 9[ Let (si, . . . , S2n) be an arbitrary spin system and set 

Vj = ^^^ j = l,...,n. 

These operators satisfy the so-called canonical anti-commutation relations (CAR), that is, 

ViV* + v*Vi = 5ij and ViVj + VjVi = 

for any 1 < i,j < n. The creation operators Ci,...,c„ satisfy the CAR as well hence 
according to e.g. [H p. 15], there is a ^-isomorphism vr: C*(ci, . . . , c„) C*(f i, . . . , f„) 
such that vr(cj) = Vj for all j. Equivalently, 

71 : C*{uJi, . . .,Un,UJ_i, . . .,UJ^ri) ^ C* {Si, S2n) 

is a ^-isomorphism which satisfies T^{oJj) = Sj and 7i{uj_j) = Sn+j for any j = 1, . . . ,n. The 
assertion (1) follows at once. 

Now let (si, . . . , S2n, S2n+i) bc a spin system with an odd cardinal, and let cji, . . . , U2n, ^2n+i 
be the usual Fermions. Suppose that q ^ {0, 1}. Then we can mimic what we did before 
with Fermions and we obtain that g is a central projection of C*(si, . . . , S2n+i), and that we 
have 

oo 

. . . ,S2n+l) = gC*(Si, . . . ,S2„+l) ©(1 -g)C*(Si,...,S2„+l) 

oo 

~ C*(si,...,S2„)©C*(si,...,S2„) 

Then using the ^-isomorphism C2n ^ C*{si, . . . , S2n) given by (1), we deduce the desired 
♦-isomorphism from C2n+i onto C*(si, . . . , S2„+i). □ 

As in Section 2, we let P„ : A„ ^ A„ be the orthogonal projection onto the space generated 
by tensor products of even rank. 

Lemma 5.10. With the notation introduced before Lemma \5. S\ we have 

P„ = i (l + i"u;„t^_„ ■ ■ ■ ioiu^i) . 

Proof. Let Ad {1, . . . , n} and recall (12.101) . For any j = 1, . . . , n, we have 

cjjtu.j = -i{c.j + c*){cj - c*) = i{cjC* - c*Cj). 
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Hence UjU_j{eA) = i^A if j ^ ^5 and ujjUj_j{eA) = —i^A if 3 4- ^- Consequently 

uJn^-n ■ ■ ■ a;ia;_i(eA) = (-l)""l^lre^, 
which imphes the result. □ 

Theorem 5.11. Let X C SP(n,IC) with dim(X) > 5 and 1 < j9 ^ 2 < 00. If X is a 

spinorial space, then X is not [2]-l-complemenented. 

Proof. We first consider spinorial spaces with an even dimension. Let n > 3 be an integer. 
By Lemma 12.31 and Definition 12. 7[ it suffices to show that the space Z given by (12 . 1 21) is not 
[2]-l-complemented. 

We need some preliminary observations concerning AHn and BH^ which will lead to a 
formal relationship between Z and the space G given by (15.101) . with [n — 1) instead of n. 
Using the notation (15.111) . we have 

AHn = Span{u!jPn, uJ-jPn : 1 < j < n} 

For any j G {—n, . . . , — 1} U {1, . . . , n — 1} we let w^- = iUnUJj. Then Uj = iu'^Un and for any 
j = 1, . . . , n — 1, we have ujjU-j = oj'jUj'_y Applying Lemma [5.101 this yields 

(5.12) ^" = ^ + ^""'^-n^n-l^-(n-l) " " ' ^W-l) ■ 

Let W : B{An) —>■ -B(A„) be the left multiplication by iun- Later on we will use the obvious 
fact that 

(5.13) W: S^iAn) — > SP{An) is a complete isometry. 
According to the above expression of P„, the action of W on AHn is given by 

(5.14) W{UjPn) = UJj j 

if j belongs to {—n, . . . , —1} U {1, . . . , n — 1}, and 

(5.15) w[ujnPn) = iy ^ y 

It is easy to check that the {2n — l)-tuple (a;^_„, ti;^_i, uj'_i^n-i)^ • • • ' ^'1^ ^-i) i^ a spin system. 
Moreover the product of these spins is 
III II 

which is not a multiple of 1. Thus by Lemma 15.91 (2), there is a faithful ^-representation 
71": C2ri-i B{An) such that 



UJ 



-1- 



Furthermore, tr{TT{ujA)) = for any A G V2n-i \ {0}- Thus tr(7r(x)) = 2"Tr(x) for any 
X G C2„-i and we deduce (by Lemma EI]) that 

n 

(5.16) 2~P7r: U'{C2n-i) — ^ 'S'^(Ari) is a complete isometry. 

Since vr is multiplicative, we see that 7r(p„_i) = P„ by comparing ( 15.31) and ( 15.121) . Conse- 
quently, we have 

7r(p„_iE2„-l) = W{AHn). 
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Also we have 

7r((l-p„_i)^2„-i) = 
and a thorough look at (15.141) and (15.151) actually shows that 

is nothing but the mapping which takes Pn^iV to (1 — Pn-i)y for any y G i?2n-i- 

As before we let ttq, tti : C2n-2 — ^ C2n-i be the left multiplications by p„_i and (1 — p„-i), 
respectively. Then Lemma [5. 4[ with (n — 1) instead of n, yields the relation 

(5.17) r = (vrfV-iiy) o k o (VT" Vtto) : 

Set Ti = W^^TXTXi : C2n-2 ^ fi(A„), for i = 1, 2. It follows from ([52]), flET^ and flHTTBD that 

(n-l) (n~l) 

(5.18) 2 p Fq, 2 p ri:L^(C2n-2) — ^ 'S'^(A„) are complete isometries. 

2 p 2 

Let us now assume that Z is [2]-l-complemented in S'^(A„®ifi) ® S'''{Kn® H2). Then by 
(I5.18p . the space 

{{T^\x)®ai,Tl^>^{x)®a2) : x G C (L^'(C2„-2) ® ©(^^(C2n-2) ® 5^(i^2)) 

is [2]-l-complemented as well. According to (15.171) . this space coincides with the space G of 
(I5.10p . By Proposition 15.71 we obtain a contradiction. 

The proof for the spinorial spaces of odd dimension is similar, using Remark 15.81 (2) in the 
place of Proposition 15. 7[ We skip the details. □ 

Remark 5.12. It follows from Proposition 15.7] its subsequent remark and the proof of 
Theorem 15.111 that any spinorial space is 1-complemented. Also it follows from Remark 15.51 
(2) and the proof of Theorem 15.111 that the exchange map k defined by (12. lip is an isometry 
on AW^ for any p. 

6. Main results 

In this section we state our main results and prove Theorem 11.1] mostly by combining 
results proved in the last three sections. Throughout we assume that 1 < p ^ 2 < 00. 

Theorem 6.1. Let 7Y, /C he Hilhert spaces and let X C S^(H,}C) be an indecomposable 
subspace. The following are equivalent. 

(i) X is completely 1-complemented in S^(H,}C). 

(ii) X is \2\-l- complemented in S^iTCyJC). 

(iii) There exist index sets I, J and an operator a G S^{H) such that 

X ~ SIj O a. 

Proof. The implication '(i) =^ (u)' is obvious, and '(m) =^ (?)' follows from Lemma [2. 3[ To 
prove the hard imphcation '(ii) =^ (iii)', assume that X is [2] -1-complemented in 5*^(7^, /C) 
and that dim(X) > 1. By Proposition 13.21 and Theorem 15.11] X is neither a spinorial space 
of dimension > 5 nor a space of symmetric or anti-symmetric matrices. Hence according to 
the Arazy- Friedman Theorem l2.8] X is either a space of rectangular matrices or is equivalent 
to a finite dimensional Hilbert space of the form (12.140 . In the latter case. Proposition 14.21 
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ensures that X is actually equivalent to a space of rectangular matrices. Then Proposition 
13. II finally shows that X satisfies (iii). □ 

Proposition 6.2. Let {Ia)a (^nd {Ja)a be two families of indices, and let 

a 

be a complete isometry. Then the range of u is completely 1- complemented. 

Proof. We may assume that Ti = K,. First consider the case when the family is a singleton, 
that is, we have index sets /, J and a complete isometry u: j — S'^(7^), and we wish to 
show that its range is completely 1-complemented. In the 'square case', that is, I = J, this 
is a special case of [9l Prop. 3.3]. In fact it can also be quickly deduced from [H Th. 2.1]. 
More generally, it is not hard to deduce the result from the latter reference if / > 2 and 
J > 2. The sequel of the proof is necessary only to treat the case when / or J is equal to 1, 
although we will write it for general /, J. We will show how to reduce to the 'square case'. 

We may consider a complete isometry v. Sjj — > S^iH). For example the mappping v 
defined by v{x) = ^[u{^x)] for any x G Sjj is a complete isometry (here '*' stands for the 
transposition). Recall that 

Hence the tensor map u ^ v extends to a complete isometry 

u^v: s'l^j s'p{n)®s'p{n) ~ sp{n®n). 

We know from the above discussion that the range of u®v is completely 1-complemented. 
Thus there exists a completely contractive mapping 

w : ® s^n) — ^ SIj ® s^j 

p 

such that Q o u®v is the identity of jibSjj. Let z G Sjj and z* G (Sjj)* such that 
{z*,z) = \\z\\ = \\z*\\ = 1. By e.g. [51 Cor. 2.2.3], z* is a complete contraction on Sjj hence 
Id® z* : Sj J ® Sjj ^ J extends to a complete contraction 

imZ* : SIj ® SIj SIj. 

Let w: S^iTi) — > j be defined by 

w{y) = [{Id^z*) ow]{y0 v{z)), y G SP{H). 
This is a completely contractive map and for any x & S^ j, we have 

w o u{x) = [{Id^z*) o w~\ ® v{z)) = Id® z*{x ® z) = x. 

Thus w ou is the identity of S^ j, which proves the result. 

We now consider the general case and we will apply results on orthogonality reviewed in 
Section 2. Let u be as in the proposition and for any a, let X^ = u{S^^ j^) C S^(H,IC). 
Since u is an isometry, it follows from (12. 5p that the X^'s are pairwise orthogonal. Thus 
there exist pairwise orthogonal closed subspaces C H as well as pairwise orthogonal 
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closed subspaces C Ti such that C S^{Ha, K^). It follows from the first part of this 
proof that for any a, there is a completely contractive projection 

p 

whose range equals Xa- Moreover the j9-direct sum © S^{Ha, Ka) C S^(H, K) is the range of 

a 

a completely contractive projection Q : S^iH, /C) — > S'^iH, JC). We can now define a mapping 
P: SP{n,}C) ^ SP(H,IC) by letting 

Clearly P is a completely contractive projection whose range is equal to the range of u. □ 

Proof of Theorem \l.l\ The implication '(in) ^ (if)' follows from Lemma [2.31 '(if) ^ (i)' 

is given by Proposition 16.21 and '(i) ^ (zi)' is obvious. Now assume (ii). By [3, Prop. 2.2], 

p 

X can be written as the p-direct sum X = (B Xa of pairwise orthogonal indecomposable 

a 

subspaces. Then it is plain that each Xa is [2]-l-complemented as well. Applying Theorem 
16.11 and an obvious direct sum argument, we deduce that (iii) holds true. □ 

It follows from Theorem II. II that if X C S^{7i, /C) and Y C S^iH', /C') are completely iso- 
metric, then X is completely 1-complemented if and only if Y is completely 1-complemented. 

Remark 6.3. Let X C B{T-C,}C) be a w*-closed subspace. Using Theorem 11.11 for p = 1 
and an elementary duality argument, we find that if X is the range of a w*-continuous com- 
pletely contractive projection B{T-C,}C) — > B{T-C,}C), then there exist two families of Hilbert 
spaces {Ha)a and {Ka)a such that X is completely isometrically and w*-homeomorphically 

oo 

isomorphic to Q) B{Ha, Ka)- 

a 

The converse does not hold true. Indeed there is an example in [6l Section 3] of a w*- 
continuous complete isometry u: B{H) BiTi) whose range cannot be the range of a 
to*-continuous completely contractive projection BiH) — >■ BiTi). 

For the sake of completeness, we note the following related result going back to [21J: A 
von Neumann algebra M C BiTi) is the range of a w*-continuous contractive projection if 
and only if it can be written as 

oo 

M ~ ®B{Ha), 
a 

where '~' indicates a von Neumann algebra identification. It turns out that the same result 
holds true without the word 'contractive', see [lOl Remark 4.7]. 

7. Transpose map on the spin factor 

We recall that for any integer n > 1 , the transpose map r : -F„ — -F„ is the linear isometry 
defined by 

r(l) = 1, T{ujj) = ujj for any j = 1, . . . , 2n, and t{ijJi ■ ■ ■ uj2n) = —^i ■ ■ ■ '^2n- 

In this section we consider the question whether r is a complete contraction (equivalently, a 
complete isometry) on for 1 < p < oo, or on F„ = C C2n, and we give applications. 
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In the sequel we use the notation 

(7.1) So = 1, Sj = LOj for any j = 1, . . . , 2n, and S2n+i = (x^i • • • <^2n- 

For any (2n + 2)-tuple of signs 6 = (^o, ^i, • • • , ^2n+i) G {—1, 1}^'^+^, one can more generally 
consider the map tq: Fn ^ Fn defined by 

Te(sj) = OjSj for any j — 0, . . . ,2n + 1. 

The completely bounded norm of this map only depends on the parity of the number of 
minus signs in the sequence 0. Indeed let vr: C2n — ^ be the *-isomorphism taking cuj to 
d^djUij for any j = 1, . . . ,2n and recall that vr: U'{C2n) L^{C2n) is a complete isometry 
for any 1 < p < oo. Then OoTq is equal to the restriction of n to Fn if 6*06*1 • ■ ■02n+i = 1 
and is equal to r o 7i\p^ if 9o9i ■ ■ -^271+1 = —1- Hence for any 1 < p < 00, tq: F^ ^ F^ 
is a complete isometry if 9o9i • ■ -^271+1 — 1 whereas ||tg: F^ -^nllc& — Ik- -^n ^nWcb if 

6*0^1 ■ ■ ■ ^2n+l = — 1- 

We start with a precise estimate in the case p = 00. Later on we will find the same 
estimate for p = 1. 

Proposition 7.1. For any n > 1, we have 

I _ ^ + 1 

\cb ~^ 



It- F > F 



n 

Proof. For any j = 0, 1, . . . , 2n + 1, we let ttj : C2n be the *-representation defined by 

letting nj{x) — SjXSj for any x G C2n- Of course, ttq is just the identity map. It is easy to 
check that for any set A G V2n and for any 1 < j < 2n, we have 

TTjlcuA) — oJjOJA'^j —^A if |A| is cvcn and j ^ A; 

— — uja if 1^1 is even and j G A] 

— — uja if 1^1 is odd and j ^ A; 

— uja if 1^1 is odd and j G A. 

Then we have 

It follows from these computations that for the (2n + 2)-tuple = (— 1, 1, . . . , 1) we have 

2n+l 

2nTe = TTo - TTj . 

Hence according to the discussion above this proposition, we have 

'^^ 2n 



It- F — > F 



^ .. 2n+l 



cb 



^0 - X] TTj : Fn — > F, 

This yields the above estimate ||t||c6 < (n + l)/n. 

We now turn to the lower estimate. By the definition of r, we have 

2n 2n 

Sj (g) Sj + S*2n+i S2n+1 < \\r\\cb ^ *J ~ *2n+l ® S2n+1 

J=0 J=0 



C2n®minC2n 
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where (S>min stands for the minimal (or spatial) tensor product of C*-algebras. Since — 
is a matrix space, the bilinear map x C2n B{L'^{C2n)) taking any (a, 6) to the 
mapping T — aTb (for a, 6 G C2n and T G L^(C2n)) extends to an isometric isomorphism 

(7.2) C2n^minC2n ^ B{L\C2n)). 

In this identification, s* ® corresponds to tcj for any j = 0, . . . , 2ra + 1. Furthermore, it 
follows from the first part of this proof that each iij is a diagonal operator with respect to the 
orthonormal basis (t^yi)Ae'P2n' '^hose eigenvalues are either +1 or —1. Moreover if A G V2n 
is such that vrj(c<j^) = ua for any 1 < j < 2n, then A = 0. We deduce that the eigenvalues 
of the diagonal operator ttq + ■ ■ ■ + vr2„ — vr2n+i are integers belonging to [— 2n, 2n]. Thus 

2n 2n 



■ . „ C2n'X'minC2n ■■ . „ 

3=0 3=0 



< 2n. 



On the other hand, 7rj(u;0) = 1 for any j = 0, . . . , 2?7, + 1, hence 

2n 2n 
\\J2^3^ + 4n+l^ S2n+1 = ^ TT^- + 7r2n+l = 2n + 2. 

3=0 3=0 

Consequently, we have ||r||cfe > (ri + l)/n. □ 



Remark 7.2. For a linear map u: C2n C2n, the Wittstock factorization theorem asserts 
that ^ 

\\u\\cb = inf|||^a*ajp E^i^ill'}' 

3 j 

where the infimum runs over all finite families {aj)j and {bj)j in C2n such that 
(7.3) u{x) = ^^a*a;6j, x G C2n- 

3 

(See e.g. [5], Sect. 5.3].) The above proof yields an extension u: C2n C2n of r: F„ — 
as well factorization of the type (17.31) such that 



3 j 

Indeed this is obtained by taking 

a-j = (2n)"^ S2n+iSj for j = 1, . . . 2ra + 1, a2„+2 = {2n)~^ S2n+2, 

and then bj = Oj for j = 1, . . . , 2n + 1 and 62^+2 = —ci2n+2- 

As an application of the fact that r: F„ — ^ is not completely contractive, we will now 
discuss the operator space structures induced by triple monomorphisms on Cartan factors 
of type 4. See the last part of Section 2 for a brief account on this class. We recall the 
well-known fact that for any > 1, En is a Cartan factor of type 4. Moreover it follows 
from the discussion in Section 5 that for any n > 1, the linear maps u±: E2n+i — ^ C2n 
defined by u±{w2n+i) = ±i^uji ■ ■ ■uj2n, u±{l) = 1 and u±{Ljj) = uj for j = 1, . . . ,2n are 
triple monomorphisms. Thus Fn is a Cartan factor of type 4 and r is a triple isomorphism. 
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For any integer k > 1 and any z = [zij] G (g) F„, with Zij G Fn, we let 

\\4MkiK) = I|[^(%)]||m,(f„)- 

These matrix norms define an operator space structure on Fn, denoted by F^. Then we let 
Fn n Fn be the 'intersection' of these two operator spaces defined by letting 

\\z\\Mk{FnnF-) = max{\\z\\M,(F„) , IklU^CF-)}, k > 1, z e Fn. 
(See [TF, Sect. 2.7 and 2.10].) 

Proposition 7.3. Let n > 1 be an integer. 

(1) Let Ti be a Hilbert space and let u: Fn BiTi) be a triple monomorphism. Then one 
of the following three properties holds and they mutually exclude each other. Either 
u: Fn ^ BiH) is a complete isometry; oru: F^ B(Ti.) is a complete isometry; or 
u: F„ n — i> B(H) is a complete isometry. 

(2) Let X be a Cartan factor of type 4, with dim(X) = 2n + 2. Then X is completely 
isometric either to Fn or to -E'2n+i- Furthermore, Fn and E2n+i are not completely 
isometric. 

(3) Let Ti be a Hilbert space. Then any triple monomorphism u: i?2n BiTi) is a 
complete isometry. Consequently if X is a Cartan factor of type 4, with dim(X) = 
2n + 1, then X is completely isometric to i?2n- 

Proof. (1): Let u: Fn ^ BiTi) be a triple monomorphism. We use the description of such 
mappings established in [2] and given in [31, p. 21] in terms of the so-called irreducible 
faithful representations. According to this description, and the relationship between AHn-i 
and Fn discussed in Section 5, there exist Hilbert spaces Hi,H2, two partial isometrics 
ai G B{Hi),a2 G B{H), and two partial isometrics 

U,V: (Aan I H^) ©(A2„ i) H2) — >n 

such that 

u{x) = V (^x ^ ai,T{x) ^ a2)U* and V^*V(x ® Oi, r(x) ® a2)t/*t/ = (x ai, r(x) ® 02) 

for any x & Fn- This readily implies that for any k>l and any z G ® Fn, we have 

||(/a4 = max{||ai||||2;||M,(i^,o, \\a2\\\\{hh® r)z\\M^{F^)} 

= max{||ai||||z||Mfe(F„) , ll«2|| a-4(f-)}- 

Note that ||aj|| G {0, 1}. If ||ai|| = 1 and ||a2|| = 0, then u is a complete isometry on F„. If 
||ai|| = and ||a2|| = 1, then m is a complete isometry on F^. Finally if ||ai|| = ||a2|| = 1, 
then M is a complete isometry on F„ fl F^. 

The fact that these three cases mutually exclude each other simply means r is not a 
complete isometry, which was shown in Proposition 17. 1[ 

(2): We first observe that E2n+i is completely isometric to F„ fl F,^. This follows from our 

00 

discussion in Section 5. Indeed if vr: C2n+i C2n ®C2n is the ^-isomorphism given by fl5.6p . 
then 7r(F2„+i) = {(a;,r(x)) : x G F„}. Since tt is a complete isometry, the result follows at 
once. 
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Now let X be a Cartan factor of type 4, with dim(X) = 2n + 2. It follows from (1) that X 
is completely isometric either to F„, to F^, or to F„ fl F^. Since F„ and are completely 
isometric (via r), we deduce using the above observation that X is actually completely 
isometric to either F„ or E2n+i- 

It remains to prove that -E'2n+i is not completely isometric to F„. We have noticed above 
that there is a (natural) completely isometric triple isomorphism J: E2n+i F„ fl F^. Let 
V : i?2n+i E2n+i be an arbitrary linear isometry and recall that this forces f to be a triple 
isomorphism. Applying part (1) of this proposition to u = vJ~^, we obtain that for any 
A; > 1 and for any x G M^, (g) E2n+i, Uluk ® '")x\\Mk(E2„+i) is equal either to \\x\\MkiE2r^+l), or 
to II J(a;)||A4(F„), or to || J(a;)||Mfc(F-)- In any case, we have 

\\{Im, ®u)x\\MUE2r.+i) < \\x\\m,{E2„+i) 

Applying the same reasoning to v^^ we obtain that v is actually a complete isometry. Thus 
any isometry of £'2^+1 is a complete one. Since Fn admits an isometry which is not a complete 
one (namely, r), these two spaces cannot be completely isometric. 

(3) As in (1), this follows from the description of triple monomorphism u: E2n — ^ B{T-C) 
given by [3, p. 21] (and Indeed there exist a Hilbert space H, a partial isometry 

a G B{H), and two partial isometries 

U,V: {K2n®H)^n 

such that 

u{x) = V{x ® a)U* and VVix O a)U*U = x®a 
for any x & Fn- This factorization readily implies that -u is a complete isometry. □ 

Remark 7.4. Using the description of triple monomorphisms on Cartan factors of type 1-3 
established in [2] and given in [5], p. 21], one obtains analogs of the above proposition for 
these factors, as follows. See also [Hj. 

(1) Let H^Ti be Hilbert spaces. Any triple monomorphism S{H) B{T-C) is a complete 
isometry. If dim if > 5, any triple monomorphism A{H) B{T-C) is a complete isometry. 

(2) Let n, m > 2 be integers. Then for any triple monomorphism u: Mn,m B{7i), 
one of the following three properties holds and they mutually exclude each other. Either 
u: Mn,m BiTi) is a complete isometry; or u: M°p„ — > BiTi) is a complete isometry; or 
u: Mn^m n M^'^j — i> B{T-C) is a complete isometry. Thus if X is a Cartan factor which is 
triple equivalent to M„ then X is completely isometric either to M„ m or to M°p^ or to 
M„ mnM°P^. Further if n 7^ m, the latter three spaces are pairwise non completely isometric 
to each other. Lastly for n = m, we note that M„ and M°p are completely isometric (via 
the transposition map), whereas M„ and M„ fl are not completely isometric. 

Let H, K be Hilbert spaces. The above results extend to the case of triple monomorphisms 
u: B{H, K) — > B{T-C), provided that H ot K is finite dimensional. However the classification 
of all operator space structures induced by triple monomorphisms B{H,K) BiTi) when 
H and K are infinite dimensional is unclear. 

For a partial description of all possible operator space structures induced by triple monomor- 
phisms B{C,K) B{n), see 
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We now turn to the study of r: F^^ ^ for finite p. For any integer > 1, let ©at 
be tfie finite set { — 1, 1}^ equipped with its uniform probabihty measure P, and consider 
the Rademacher functions ei, . . . ,eN- — ^ 1} defined by letting £^(0) = Oj for any 
B = (^1, . . . , 6]sr) in ©jv and any 1 < j < A^. We will need the following lemma, in which 
N = 2n and || \\p stands for the norm in L^(D2n). 

Lemma 7.5. For any complex numbers ao, ai, . . . , a2n+i, wg have 



r: FP 



n\\cb 



> 



I V^27i . TT2n 



"0 + 2^j=i OijEj - a2n+i 1 e 



Proof. This is a continuation of the proof of Proposition [TTTl Let ao, ai, . . . , a2n+i be complex 
numbers. We will show that 

2n+l 2n 2n _ 



(7.4) 



j=0 



LPiC2n)«>LP(C2n) 



ao 



Changing a2n+i into — a2n+i and applying the definition of r, this implies the result. 
We first note that the identification (17. 2p induces an isometric isomorphism 



L^(C2n)®L"(C2„) ^ 5^(L2(C2n)). 



which yields 



(7.5) 



2n+l 
j=0 



LP(C2„)®LP(C2„) 



2n+l 



— r y 

02n I \\ 



j=0 



SP(L2{C2u)) 



The subspace of 5'^(L^(C2n)) of operators which are diagonal with respect to the orthonormal 
basis (co'^)^g-p2„ is equal to . To any A G V2n, let us associate the 2n-tuple 9a = 
(6*1, ... , 92n) G B>2n defined by Oj = 1 j ^ A. Then it follows from the proof of Proposition 
Othat 



2n 



j = l,...,2n. 



i=l 



Thus in the isometric isomorphism ~ Lp(D2„) induced by the correspondance A ^ Qa, 
the diagonal operator iTj corresponds to ej {YliZi ^i) any 1 < j < 2n. Likewise, 7i2n+i 
corresponds to 11^=1 ^i- Hence 

^ 1 2n+l 2n 2n 2n 

(7.6) ' 



02n I \\ 



i=0 
r2n 



5P(L2(C2„)) 



j=l i=l 1=1 



Now set rjj = £j{Y[i2i ^i) fo^' any 1 < j < 2n. Then we have 

2n 

and €j = rjj ( JJ r/j) , 1 < J < 2ra. 



211 211 

n%=n 



^1 



i=l 
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Consider (6'i, . . . , 6'2„) G {—1, 1}^" and let 9 = 6162 •■■ 6*271 be the product of these ±1. It 
follows from above that 

Him = % V J = 1, . . . , 2n}) = F{{e, = 9,9 V j = 1, . . . , 2n}) 

= H{e,=9,\fj = l,...,2n}) = ^. 
Thus (r/i, . . . , r]2n) has the same distribution as (ei, . . . , e2n), and hence 

2n 2n 2n 2n 2n 

+ ftj-gj ("TT ^0 + '^2n+l TT ^» 1 1 = QQ + y^Qjgj + «2n+l TT^'ll " 

j = l 1=1 i=l ^ j = l i=l ^ 

Together with (17.51) and (17. 6p . this imphes the equality (I7.4p . □ 
Proposition 7.6. For any n > 1, we have 

n + 1 
n 

Proof. The upper estimate clearly follows from the proof of Proposition I7.1[ For the lower 
estimate we consider 

2?! 2n 2n 2n 

f = l + J2e,-{-irl[ and g = l + Y^e, + (-1)" J] 

j=i j=i j=i j=i 

in L^(B)2n)- According to Lemma 1731 it suffices to show that 

11 n+1 



I " n\\cb 



\\9\\i n 

For any 2 = 1,..., 2n, let pi : L^(D2„) — > L^(©2n) be induced by the *-representation which 
takes Ei to —Ei and which takes Ej to for any j ^ i. Then pj is an isometry and 

j=i j=i 

Then we let p = —pi o ■ ■ • o p2n- A few elementary computations (left to the reader) yield 

2n 

2ng = f + Y^p^if) +p{f). 

i=l 

Let k be the Z-valued function on defined as 

k = Card{j e{l,...,2n} : Ej = l] 

and let m = k — n. Then 

f = l + k-{2n-k)- (-!)"(-!)" = 1 - (-1)"^ + 2m, 
hence / is valued in 4Z. Moreover for any i = 1, . . . , 2n, we have 

2n 

f-p,{f)=2{E,~l[E,), 
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hence / — Pi{f) is valued in {—4,0,4}. Consequently, / and Pi{f) have the same sign 
everywhere on D2n- Likewise / and p(/) have the same sign. This implies that 

2n 2n 
i=l 1=1 

We deduce that 2n||(7||i = (2n + 2)||/||i, which concludes the proof. □ 

Theorem 7.7. Let n > 1 be an integer and let 1 < p < 00 . The following are equivalent. 

(i) ||r: FP F'nWcb < 1 (equivalently, t: is a complete isometry). 

(ii) p is an even integer and 2n > p. 

Proof, (ii) =^ (i): Assume that p = 2q, q is an integer and q < n. Again we use the notation 
(17. ip . To prove (i), we consider ao, ai, . . . , a2n+i in and aim at showing that 



2n 2n 

(7.7) ® So + a2„+l ® S2„+l ^ = «j ® ■5j - a2n+l ® S2„+l 

j=0 j=0 



p 



SP[LP{C2n)] 



2n+l 2n+l , 2n+l 2n+l , 2n+l 

. 2g , 



aj (K> Sj 



We have 

2n-. zq * ■ * 

I ^ a^- ® = {Yl ® *0 (Zl ® ■ ■ ■ {Yl ® ^0 {Yl 

j=0 j=0 j=0 j=0 j=0 

0<ji,-,j2q<2n+l 

Here the sum runs over all (ji, . . . , J213) ^ {0, . . . , 2n + 1}^''. Recall that Tr and tr denote 
the canonical traces on C2n and B{1'^) respectively. By the above calculation, the left hand 
side of (17. 7p is equal to 

Y tr{alaj, . . . a%^_^a,,J Tr{s*^s,, . . . s^^^^Sj,^). 

0<ii,.-.,i2g<2n+l 

Changing 02^+1 into — a2„+i, we see that the right hand side of (17. 7p is equal to 

0<Ji,.-,i2g<2n+l 

To show the equality (17.70 it therefore suffices to check that if a 2g-tuple (ji,...,j2g) in 
{0, . . . , 2n + 1}^"^ is such that the cardinal \{k : = 2n + 1}| is an odd number, then 

Tr{s*^Sj,...s%^_^sjJ =0. 

Suppose that \{k : jk = 2n + 1}\ = 2m + 1, for some integer m > 0. Recall that s* = Sj for 
any j < 2n, that S2n+i = (— l)'^'S2n+i and that for any < < 2n + 1, the operators Sj 
and Sj' either commute or anticommute. Note also that S2n+i = ("I)"- Thus we have 

|Tr(4sj2...4^_^Sj,J| = \Tr{sj,Sj,...Sj,^_,Sj.,^)\ = \Tr{sl';^+lS)\ = |Tr(s2„+i5) |, 

where S G is the product of (2g— (2m+l)) operators belonging to the set {1, tui, . . . , LJ2n}- 
Since q < n, this product has at most (2n — 1) factors. Since a;^ = 1 for any j < 2n, we 
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deduce that there exists an integer r > 1 and r distinct integers ii, . . . v between 1 and 2n 
such that S2n+iS = cUjj ■ ■ ■ cjj,.. Then the trace of S2n+iS is zero. 

(i) =^ (ii): Let us assume that p = 2q, q is an integer, q > n, and let us show that 
r : —>■ is not completely contractive. We set 

2n 2n 



Pit) 



1 



Then P is a polynomial and according to Lemma 17.51 the fact that t: FJ^ F^ is not 
completely contractive is equivalent to P not be even. Let Ci = -P'(O) be the coefficient of 
degree 1. Set £0 = 1 for convenience. Then by a computation similar to the one in the first 
part of this proof, one obtains that 



2n 



Cl 



E nn-. n 

(ii,-,i2,)er j=i k:jk^2n+i 



e 



where F C {0, . . . , 2n+ l}^"^ is the set of all 2g-tuples (ji, . . . ,j2q) for which there is a unique 
1 < k < 2q such that jk = 2n + 1. Here E denotes the conditional expectation on (©2^, P)- 
Observe that for any (ji, . . . ,j2g) G F, 



2n 



E(n^. n 

j=l k:ju^2n+l 



or 1. 



Moreover for the 2g-tuple defined by letting = k for any 1 < k < 2n + 1 and jk = for 
any > 2n + 2, then the above conditional expectation is equal to 1. (We use that g > n to 
define this particular 2g-tuple.) We deduce that Ci > 0, and hence that P is not even. 

Let us now assume that 7 = | is not an integer and let us show that r is not a complete 
contraction on F^. For any positive real number a > and any t e M, we set 



$(a,t) 



1 + ia2 1 



2n 



2n 



Using Lemma 17.51 again, it suffices to show that for some positive real number a > 0, the 
function ^fa, ■ ) is not even. We have 



<l>(a,t) = E 



2n 



2n 



1 + a I 



2\7 



hence $ extends to a function on a neighborhood of zero. 

Suppose that $(a, ■ ) is even for any a > 0. Then g^t+t (0; ■ ) also is an even function. On 
a neighborhood of zero, we have 



\a,t) 



2n 2n 



2(n+l) 



2n 



2n 



2\ 7-{"+l)' 
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where = 7(7 — 1) ■ ■ • (7 — n). Since 7 is not an integer, this constant is non zero and we 
obtain that for any t G M, 

2n 2n 



3=1 i=i 



^3 



When we showed above that r : F^*-"^""^-* — > Fn^^^^^ is not a complete contraction, we showed 
that the above function of t is not even. Hence we obtain a contradiction. □ 

We now give an apphcation to an extension problem. 

Corollary 7.8. Let p > A be an even integer. There exist a subspace X G and a 
completely bounded map u: X ^ which has no bounded extension S^. 

We will need the following classical averaging argument. Let Z he a reflexive Banach space, 
let G be an amenable group and let A: G — > B{Z) be a strongly continuous representation 
such that X{g) : Z ^ Z is a (necessarily onto) isometry for any g E G. We say that a 
subspace X G Z is invariant if X{g) maps X into X for any g G G and we say that a 
bounded linear map u: X ^ Z is a multiplier if 

X{g){u{x)) = u{X{g)x), x G X. 

Lemma 7.9. Let v: Z Z be a bounded linear map, and assume that X G Z is invariant 
and that v\x : X Z is a multiplier. Then there exist a multiplier w: Z ^ Z such that 
\\w\\ < \\v\\ and v\x = w\x- 

Proof. Let ip G L°°{G)* be a translation invariant mean on G. For any x G Z and y G Z*, 
consider the function 

Uy{g) = {X{g-'){v{X{g)x)),y), g G G. 
Then we may define w G B{Z) by letting 

{w{x),y) = i){fx,y) 

and it is clear that the operator w satisfies the required conditions. □ 



Proof of Corollary \7.8\ Let p > 4 be an even integer and let n = p/2. We let p' be the 



conjugate number of p and for q G {p,p'}, we let Tg-. ^ F^ denote the transposition. 
According to Theorem 17. 7[ we have ||Tp||cf, = 1 whereas c = ||rp/||cf, > 1. 
We fix an integer k > 1 and we consider 

Zfc,, = L^(C2„)l---lL''(C2n)l^' and Xfc,^ = I ■ ■ ■ I F„« I 5". 

We will exhibit a complete contraction u: Xk.p Zk.p such that ||f || > for any bounded 
linear map v. Z^^p Zk,p extending u. Since Z^^p is completely isometric to S*^, the result 
follows at once using a standard direct sum argument. 

For any = (6'i, . . . , 62-0) G '^2n^ we let vre : L''(C2„) — > L'^{C2n) denote the L'^-version of 
the ^-representation taking ujj to OjUJj for any j = 1, . . . , 2n. This is an isometry 

and 1-^ TTe is a representation of on L^(C2n)- Then let T be the unit circle and 
consider elements of S'^ as infinite matrices [trs]r,s>i in the usual way. For any a = (ar)r>i 
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and (3 = {Ps)s>i in let 7(0, S'^ S'' be the linear mapping taking any matrix 
[trs] G S'^ to [artrsPs]- Then 7: T°° x ^ B{S'^) is a strongly continuous isometric 
representation. We will apply Lemma [7.91 to the group 

G' = ©2nX ■■■ X Dsn XT°^ X T°° 

V ' 

k times 

and to the representation A: G — B{Zk,q) defined by letting 

A(0\ . . . , e'', a, /5) = vTei ® ■ ■ ■ ® vTefc (S) 7(a, 

Indeed, G is amenable and it follows from the above discussion that A is a strongly continuous 
isometric representation. Let E^s denote the canonical matrix units in S'^. It is easy to check 
(left to the reader) that a bounded linear map w : Z^^q — > Z^ q is a multiplier if and only if 
w is diagonal with respect to the elements oja^ ® ■ ■ ■ ® oja,. ® Ers, for Ai, . . . Ak E V2n and 
r,s > 1. 

Clearly the space Xk^p is invariant. Let 

M = Tp (g) ■ ■ • (g) Tp (g) Jsp : Xk^p — > Zk,p. 

Then u is a multiplier and \\u\\cb < 1- Let v: Z^^q Z^^q be a bounded extension of u. By 
Lemma [7.91 there exist a multiplier w: Z^^q — > Z^^q extending u and such that < ||f||. 
Now consider the adjoint map w* : Z^^p' Z^y. Let 

^= {0,{l},...,{2n},{l,...,2n}} 

and recall that Fn is the linear span of {00 a '■ A G J-"}. For any Ai, . . . ,Ak G J-" and any 
r, s > 1 , we have 

{w*{uAi (g ■ ■ ■ (g UJa^, (g Ers), ® • ■ ■ ® t^Afc ® Ers) 

= (ua^ (g ■ ■ ■ (g LOAk ® Ers, t{uJAi) ® " " " (g ^(t^Aj ® -^rs) 

= (-ir, 

where m is the number of j's such that Aj = {1, . . . , 2n}. Since ti^ is a multiplier, w* is a 
multiplier as well, hence we deduce from above that 

W*{uJAi (g ■ ■ ■ (g LOAk ® Ers) = (-1)™CJAi (g • " " (g C^Afc ® -^rs- 

This shows that 
Consequently we have 

c'' = II V (g ■ ■ ■ (g Vllcb = llv (g ■ ■ ■ (g Tp/ (g /_5p' II < \\w*\\ = \\w\\ < \\v\\, 

and this concludes the proof. □ 

We mention that instead of Theorem 17. 7[ one can use some results from [TB] to prove the 
above corollary. 
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As a complement we will prove that Corollary 17.81 extends to the case p = 1. We start 
with a simple consequence of the noncommutative Khintchine inequalities. We refer e.g. to 
[m Sect. 9.8] for these inequalities. In the sequel we let 

= SpanjcJi, . . . , cjiv} C Cn 

and we let be that space regarded as a subspace of L^{Cn). Also we let Rad^ = 
Span{£i, . . .,6^} C L^Bn) for q G {1, oo}. 

Lemma 7.10. There is a constant C > 1 such that for any N > 1 and for any ai, . . . ,aN 

in S^, we have 

N N N 

j=i j=i j=i 

Proof. This result is a simple consequence of [8| Th. 3.7], which is more general. We give 
a specific proof of independent interest. We will use classical notation and techniques from 
operator space theory (see [IB])- The symbol ~ will stand for a complete isomorphism whose 
isomorphism constants do not depend on the dimension. With this notation, the result to 
be proved is that 

<l>jv ^ Radf . 

The noncommutative Khintchine inequalities on mean that (Radf)* ^ i?^nC^. This 
implies that 

(7.8) (Li(Cjv) ® Radjv)* ^ Cn ®min {Rn n Cn). 

For q G {1, oo}, we let 

X:Bn — > 5(L^(Djv)) and /i: — > B{L\Cn)) 

be the natural representations of Dat. Namely for any O = (6'i, . . . , On) G Dat, A(9) (resp. 
/i(9)) is the *-representation taking Sj to OjEj (resp. ujj to OjUjj) for any j. These maps are 
complete isometries. 

Let (ei, . . . , Cn) denote the canonical basis of Rn H Cn, let Z\ be the linear span of the 

ujj®£j in L^{Cn) ® Radjy and let be the linear span of the ujj ®ej in C^r ®min {Rn^Cn)- 

Let P\ V-{Cn) ® Radjy L^{Cn) ® Radj^r be the orthogonal projection onto Zj^. It is easy 
to check that 

p = [ /i(e) ® A(e) ciP(e) , 

where P be the uniform probability on Dat. Hence P is completely contractive. Passing to 
the adjoints and using fl7.8p . this implies 

For any ai, . . . , oat G B{H), we have 

N N N 

® ^j)*iaj ® ujj) = a*aj uj*ujj = a*aj 
j=i j=i j=i 
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and similarly, ® ® ^jY is equal to - aja*) ® 1. This implies that 

N N 



B(/^)'X>mm(fliVnCjv) 



Thus is completely isometrically isomorphic to i?7v H C 



Now let ai, . . . , Oat G S"^. We have ^ . a 



e G 



Dtv- Taking the average, this implies that 

N N 



1 for any 



1,1 , 



Thus Zjf is completely isometrically isomorphic to $]y- Consequently, $^ 



1* 



RNnc, 



N; 



hence $jv ~ 



Radjy. 



Proposition 7.11. There exist a subspace X G and a completely bounded map u : X 
which has no bounded extension . 



and 

□ 



Proof. Suppose that this statement is false and for any > 1, let mat: Rad^ L^iCjq) be 
the linear mapping taking Sj to ujj for any j = 1, . . . ,N. Then there is a constant K > 1 
(not depending on A^) such that un has an extension vn- L^(J^n) — > L^{Cn) satisfying 
ll'^Tvll < -^||MAr||c6. The argument in Lemma [7.91 shows that un actually has an extension 
wn '■ L^(J^n) L^{Cn) such that WAroA(9) = jj,{Q)owN for any 6 G Da^, and \\wn\\ < II^Af ||- 
Arguing as in Corollary 17.81 we find that the restriction of to $Ar coincides with the 

. A Q.\^r.^ _ (>'2 

'N 



canonical mapping — > Rad*^ which takes uj to ej for any j. Since $Ar = ^'ir and 



Rad*^ = i\f isometrically we find that 



\ld: e% 



N 



el I 



cb- 



□ 



However Lemma [7. 101 ensures that sup^r ||tiAr||cb < oo, which yields a contradiction. 

We proved in Proposition 15.61 that the orthogonal projection onto Ejsr is not completely 
contractive. For completeness we shall now give an asymptotic estimate of its completely 
bounded norm, based on Lemma [7.10[ For any two sequences {aN)N>i and (Pn)n>i of 
positive real numbers, we write ajv x /^at to say that there exists a constant C > 1 such that 

C~^aN < /^AT < CaN for any A^ > L 



Corollary 7.12. Let Pn: C 



N Cn be the orthogonal projection onto En- Then 
\\Pn\U X v^. 



Proof. Let Wn - Cn ^ Cn he the orthogonal projection onto ^n- It is clear that 

||-P/v||c6 ^ \\WN\\cb- The adjoint Wn- ^*n L^{Cn) coincides the 'identity mapping' from 
$^ onto By Lemma 17.101 and the noncommutative Khintchine inequalities, we have 



^N ~ 



Rad]v ^ {Rn n Cjv)*, hence \\W*y 



N\\cb 



\Id: $ 



N 



It is shown in 
the proof. 



\\WN\\cb - \\Id: RnDCn — 
p. 221] that \\Id: RnHCn ^N\\cb 



{Rn n CNYWcb- Thus by duality, 

'^Nllcb- 



N, and this estimate completes 

□ 
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By an averaging argument it is easy to see that for any projection Q : Cn Cn whose 
range is equal to E^, we have ||-P/v||c6 < IIQIIcfe- Thus the 'completely bounded projection 
constant' of is x This result appeared in [8^ Cor. 3.12]. 

Remark 7.13. We do not know which numbers p G [1,2) U (2, oo) have the property [S) 
that there exist a subspace X G and a completely bounded map X —>■ without any 
bounded extension 5*^ — > S^. We just proved that {£) holds true for any p belonging to the 
set B = {1}U {2k : k> 2}. 

Let deb denote the completely bounded Banach-Mazur distance of operator spaces (see 
[T5| p. 20]). For any m > 1, the function {p,q) h-^ dcb{S^, S^) is continuous. A thorough 
look at the proofs of Proposition 17.111 and Corollary 17.81 together with a simple continuity 
argument based on the above fact therefore shows that any p G B admits a neighborhood 
Vp such that (S) holds true for any g e Vp. 

Acknowledgements. We thank the referee for bringing the paper [S] to our attention. 
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